ALGEBRA Il NOTES
Lecture 1 Notes

ALG2001-01

Lecture 1: Real Mumbers and Operations

A lot of Algebra 1l is based upon
Algebra |. Keep a vocabulary list to
keep track of new terms.

M - Natural numbers
{Counting numbers)

W - Whole numbers
(Natural numbers plus 0)

Addition and multiplication have
closure in the set of whole numbers.
(If you add or multiply whole numbers,
you gel a whole number answer.)

=1-3

ALG2001-02

Lecture 1; Page 2

Integers - Whole numbers plus their
opposites,

Opposites - Same number but
opposite sign.

Addition, multiplication, and subtraction

all have closure in the set of integers,
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Rationals

e

Rationals - Natural numbers, whaole
numbers, and integers, as well
as fractions, and terminating
and repeating decimals,

=1-3
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Some numbers cannot be written as
a rational number. w never stops and
never repeats. « cannot be written as
a rational number. Other examples of
irrational numbers include Y2 and 3.
There are lots of numbers that cannot
be written as a fraction. These are all

irrational numbers.
Fationals

3 lerationals
7

m

=1-3
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Irrational means not rational.

If you take all the rationals and the
irrationals and put them into one big
set, then they totally fill up a number
line. Every number on the number line
exists, This is the set of real numbers,
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Real numbers include all rational
and all irrational numbers.

Fational numbers are all those
numbers that can be written as
fractions.

A fraction is really a division problem.

If you have eight marbles and want

Lecture 1; Page 7
8
RO OO
We have 4 groups of two marbles.,

% means the same thing. It's like
dividing 3 pizzas among 4 people.

3 ARYAR
: @
Each person gets % of a pizza.

3 +4and 3 are exactly the same.
4

=1-3

Rationals 3 |rrationals to divide them among four students,
! T how many marbles does each student
.2 get? 2
42 E =2
4
=3 ;-:'W We have 8 marbles that we want to
divide into four groups.
Real numbers
=1:3 =13
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We cannot divide by 0. How can
you divide something by 07

4
24 g4 4xB=24

&

0
0 &l0 0x8=0
g

s 7
6 ol 0x7=6
0

Division by zero is undefined.

=1-3




Lecture 1 Notes, Continued

ALG2001-09

Lecture 1; Page 9
Every number on the number line
has an opposite,

3 2 1 0 1 2 3
The absolute value of x, | x|, is x's
distance from zero.
Example: |3]|=3

|-3]=3
3 3
N N
s v Y
—t—t—t—t—t+
-3 -2 -1 o 1 2 3
Absolute values are always positive

numbers,
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Lecture 2;: Multiplication and Division of
Real Numbers

Addition Multiplication
a+0=a a-1=a
a-b=a+-b 8 =3.1
C ; b b
ommutative
ath=h+a a-b=b-a
Associative
(a+b)+c=a+(b+c)| albc) =(ablc

Zero is the additive identity. When
you add zero to a number, you get it
back.,

=1-3
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One is the multiplicative identity. If
you multiply a number by 1, you get
it back,

Subtraction is adding the opposite:
3--4=3+4

Division is multiplying by the reciprocal.

Addition is a commutative operation
as is multiplication. Addition and
multiplication have associative
properties as well,

=1-3
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Addition and multiplication are
analogous to each other; they have a
lot of the same prapearties.

Always remember:
When subtracting, add the opposite.
When dividing, multiply by the
reciprocal.
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Lecture 3: Algebraic Expressions and
Properties of Mumbers

1 : : How do you find
T the perimetear?

Perimeter is the distance around the
rectangle.
Perimeter=2.-3+ 2.4

17
3 |

To find the perimeter of this rectangle,
we would proceed as above,

=1-3
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For any rectangle:
Perimeter = 2w + 2|

2w + 2| is a variable exprassion.

Variable expression - Expression
including variables.

Any sort of an expression that has
operations (like addition, subtraction,
multiplication, and division), numbers
{like 2), and variables is called a
variable expression,

=1-3
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Example 1: Evaluate 2x + 3 at x =-7.

Using substitution, we can replace x
with -7
2-7)+3=-14+3=-11

Remember Order of Operations!
Parentheses
Exponents
Multiplication/Divisian
Addition/Subtraction

=1-3
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Commutative Property
a+bh=hb+a
ab =ba

Associative Property
at{b+cl=(a+hl+c
albc) = (ab)c

Additive Identity
a+l0=a

Multiplicative |dentity
a-1=a

=1-3
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Lecture 4; The Distributive Property

Suppose you were in charge of

buying carpet for your bedroom.
12" g'

|
|

How many square feet of carpet
should you buy? What is the area
of your bedroom and closet?

10

Area =12-10+8 .10
=120 + &0
=200

=1-3
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Another way we can do this problem
is as follows:

Area = 10(12 + 8) = 10(20) = 200

This is the distributive property.

Distributive Property
alb+c)=ab+ac

This property is very important to
know forward and backward.

=1-3
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Example 1: Distribute the 3.
3(x + 4)
g
3% +4)=3x + 12

Example 2; Factor the following:
25+ 8
2x + 8 =2(x +4)

Example 3: Distribute the 5.

5(3% + Ty - 4)
5(3% + Ty - 4) = 15x + 35y - 20

=1-3

ALG2004-04

Lecture 4; Page 4
Example 4. Factor the following;
Gx + 21y - 3
Ox +21y-3=3(3x+Ty=-1)

Know the distributive property
forward and backward!

=1-3
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Lecture 5: One-Step Equalions

Example 1: 2x +6 = 2(x + 3)
Evaluate the lefi-hand side of this
equation if x = 2:
| 2(2)+ 6= 10
Evaluate the right-hand side of this
equation if x = 2:
22+ 3)=10
The left-hand side and the right-hand
side of this equation gave us the same
answer for x = 2. What if x = 5%
2x+ 6 =2{(x+3)
2(5) + 6 £ 2(5 + 3)
16 =16

ALG2005-03
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Example 2; 2x+6=4x + 2

Evaluate the left-hand side of this
equation when x = 3:
2(3+6=12

Evaluate the right-hand side of this
equation at x = 3;
43 +2=14
12 # 14

This equation is not true.,
This eguation is not an identity.

ALG2005-02
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The equation 2x + 6 = 2(x + 3) is true
when x =2 and alsowhen x=5. Is it
true for all values of x? Whatif x =-77

2%+ 6 =2(x + 3)
2(-T) + 6 £ 2(-7 + 3)
14 +6 £ 2(-4)
-8=-8 ftrue

Mo matter what x is, this equation
is always true. This equation is an
identity. An identity is an eguation
that is always true for any value of
the variable.

=1-3
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In algebra, we solve equations. What
values of x make the equation true?

If all of these cups have the same
number of ball bearings in them, what
would happen? The right side would
be heavier.

=1-3
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What would happen if we added
some loose ball bearings to the pans?

MNow, concaivably, this could still be
in balance because we have more

loose ball bearings on the left than on
the right side.

=1-3
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Each cup has the same number of
ball bearings in it, How many are in
gach cup?

We could begin by removing two
cups from both sides and keep the
scale balanced. Then we can remove
twao ball bearings from both sides.

Iz

=1-3
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We know that two cups balances

with 4 ball bearings. So there must
be 2 ball bearings in each cup.

As long as we do the same thing to
both sides, we stay balanced,

=1-3
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2x+6 = dx + 2

St

2x+B=4x+ 2
2% -2x%

=1-3
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Kay to solving equations:
Do the same thing to both sides.

Example 3. x+7=4

J 7
®=-3
Example 4. X =3
5
B.X=3.5 x=15

1

The Golden Rule of Algebra:
Do unto one side of the equation
what you do to the other.

=1-3

ALG2005-10

Lecture 5: Page 10
Example 5: %x =8

How do you divide by %‘? You
multiply by the reciprocal.

4

X Zy=g. 3

2 F 2
x=12

These are called one-step equations.

One-step equations either have
something added, subtracted,
multiplied, or divided into your
variable and you can get rid of them

in one step.

=1-3
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Example 6: Tx+9=3x-8
Find the value of x that makes this
equation true.

fx+9=3x-8
cdx -3k
4x+9 = -8
-9 -2
#x =17, x=-17
& 4 4

Ba sure you write down everything
from both sides!

Leave your answers as improper
fractions.

=1-3
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Lecture 6: Writing Equations

Algebra can be used to solve real
world problems.

Suppose you purchase an item and
pay $44.94 for it, which includes a 7%
tax. What is the cost of the item?

¥ = cost of the item
07x = tax on the item
(7% of x) (of = times)

X+ 07x = $44.94
1.07x = §44 04

=1-3
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1.07x = $44.94
1.07 1.07

x =542

Thus, the item itself sold for $42.

We have to be able to translate
English into algebra,

Key Words
1 5UM, more
- difference, less
¥ product
< quotient
=:is

=1-3
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Example 1; Write an algebraic
equation that reprasents the
following statement:

Five more than the product of two
and a number is 17.

+ =

5.t 22 =17

5 more product is 17
of two

To solve for x, you would just
— subtract 5 from both sides, and then
- divide both sides by 2.

=1-3
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Example 2: Write an algebraic
equation that represents the

following statement:

Five less than the product of two
and a number is 17.

2x-5=17
To solve for x, you would just

—add 5 to both sides, and then
= divide both sides by 2.

=1-3
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Example 3: Write an algebraic
equation that represents the
following statement:

Twelve less than the quotient of a
number and 7 is 3.

b.12=3
=
To solve for b, you would just
—add 12 to both sides, and then
— multiply both sides by 7.

=1-3
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Lecture 7: Exponential Motation

Anather thing you are going to need
to be really good at are exponents.

93 & exponent

T

hase

22=2.2.2=8
Properties of Exponents
1) %2« %% = 2

:)('—'_‘

Ixm_xn:xmd-ni

AH
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2) X0 = ool =
T
?:.m=xm'n
0

3) X2 =1=x0
KS

Any number to the zero power is one.
0
=1

AH
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When you see a negative exponent,
just push it to the bottom and you
have a positive exponent.

5) 1 —yn
X"

If you have a negative exponent in
the denominator, just push it to the top
and it becomes a positive exponent.

MNegative exponents in the numerator
mean positive exponents in the
denominator and negative exponents
in the denominator mean positive
exponents in the numerator.

BH
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Properties of Exponents

1) XM xM=xm*n

2) X7 = xm-n

KI‘I
3) x0=1
4) x"=1
xl‘i
5y 1 =xn
x-l'l

AH
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Example: Simplify the following:

16x2y®
2x3y?

16x%y° - 8x3y or 8Y
2x5yE e

You always want to clear your
answer of negative expanents!

AH
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Remember:

—when you are multiplying, add the
exponents.

—when you are dividing, subtract
the exponents.

—when the exponent is 0, the
answer is always 1.

— push a negative exponent from
the numerator to the denominator
and it becomes positive.

— push a negative exponentin the
denominator to the numerator and it
becomes a positive.

AH
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Lecture 8: Properties of Exponents

In the last lecture, we talked about
five rules of exponents:
— when multiplying, add the exponents.
— when dividing, subtract the
exponents.
—-x0=1,
— when you have a negative exponant
in the numerator, push it to the
denominator and it becomes pasitive.
— when you have a negative exponant
in the denominator, push it to the
numerator and it becomes positive.

ALG2008-02

Lecture & Fage 2

In this lecture, we will talk about three
more properties of exponents,

Example 1: (2x)?
Motice that the base is 2x,
(2x)% = 2%« 2% - 2x
=22« 255
= By

Example 2: 2x®

Motice that this time the base is x.
237 = Zwoex

™=

ALG2008-03
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Example 3; (-2)*
The base is -2.

(-2) =-2+-2+-2+-2
=4.-2.-2
=-§:-2=16

Motice that an even number of
negative exponents, give a positive
answer.

28=-2.2+2:2=-16

In this case, the exponent, 4, is
attached only to the 2 with one minus
sign in front, So the answer is =16,

FPay attention to parentheses!

ALG2008-04
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Example 4: (x%)
In this example, the base is x*.
(2P =x2ay2ex2=xB

(XM = ™+ N

Example 5: (xy)?*
The base is xy.
(xy)xy)(xy)
KX X y+ysy=xy?

Also,

14
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Additional Properties of Exponents

{xm:ln = xMm=+n

(xy)" = x"y"

GY=5

Example 6: Simplify.
{2,‘2?1}4{5){}.3']2

aexponents.
= 242y ey =
= 16x%y'2 - 25x%y5 3xty?
= 400x"0y'8 = =
Suty?
ALG2008-07
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Example 7; Simplify,
3x?y 12
>3
- 3'2{){2]'2‘!"2 - 3-2){-45,--2
{23']-2

78

We want to clear all the negative

Lecture & Fage 7

So when you have a power to a
power, multiply exponents.

If you have parentheses with a
multiplication or a division problem,
“distribute” the exponent.

15
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Lecture 9 Scientific Notation

One place where exponents are
often used is in scientific notation,

Scientific notation is used in science
to represent very large and very small
numbers,

For example, the distance from the
earth to the sun is 93,000,000 miles.
This is a very large number with lots of
zeros on the end of it.

If we wanted to multiply this number
by 24,000,000, we would get a lot of
Zeros in our answer!

AH
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83,000,000 x 24,000,000
Decimal numbers (standard notation)

There is a different way to write these
numbers. The numbers written above
are what we call decimal numbers or
standard notation,

We are going to take advantage of
the fact that when you multiply by ten
all it does is adds a zero to the end of
the number.

Notice that for 83,000,000 we started
with 9.3 and then multiplied it by 107,

BH

ALG2009-03
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Cecimal notation: 93,000,000
Scientific notation: 9.3 x 107

To write a number in scientific
notation, you want a number between
1 and 10, multiplied by some power
of ten.

Count the number of places you need
to move the decimals point until you
get a number between 1 and 10.

(9.3 x107){2 x 10'*) = 18.6 x 10'®

AH
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Notice that 18 .6 x 10'% is no longer in
scientific notation.

18.6x 10" = 1,86 x 100

Calculators automatically put
answers in scientific notation:

9.3E7 « 2E12 = 1.86E20 = 1.86 x 10%

{"E" on your calculator stands for
exponent.)

AH
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Any time you are working with a
calculator, and it gives you an answer
that is very big or very small, it will
automatically switch to scientific
notation, and you'll see an E in the
displayed answer.

Mow, let's talk about very small
numbers.

How do you write 0000012 in
scientific notation?

AH
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0000012 = 12
10,000,000

=12

107
=12 x 107
=12x10°®

In reality, we don't need to go
through all this work; we just nead to
count the number of places that we
need to move the decimal:

0000012 =12 10-¢

AH

ALG2009-07
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Just count how many places you
need to move the decimal to get your
number between 1 and 10,

If you have to move the decimal
point to the right, you'll get a negative

exponent.

If you move it to the left, you'll get a
positive exponent.

AH

ALG2009-08
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There are basically two skills that
we'd like you to have:

1} The ability to go from scientific
notation to decimal notation and

vice versa.

2) The ability to perform calculations
using scientific notation.

AH
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Example 1: Convert to decimal notation.
4.7 % 108
This is a big number. We will need to
move the decimal point 8 places to the
right.
4.7 x 105 = 4,70000000
= 470,000,000

Example 2: Convert to decimal notation,
6.2 x 10%
This is a small number, so we will
move the decimal point to the left.

6.2 x 10 = 000086

BH
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Example 3: Convert to scientific notation.
120,000,000
120,000,000 = 1.2 x 10®

Example 4: Convert to scientific notation.
000056
0000056 =56 % 10%

Example 5: Sclve the following:
(5 x 1033 x 107)
4 x 108

15 % 107" =375 x 1018
4% 108

BH

ALG2009-11
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MNegative exponents are okay in
scientific notation — they just mean
that you have a really small number.

Scientific notation is a really neat

tool that comes out of our properties
of exponents.

AH
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Lecture 10: Field Axioms

Field Properties - The real number
form what we call a field.

Properties of Real Numbers

Property Addition Multiplication
Closure a+hbis Real a~his Real
Commutative atb=h+a a*b=h+a

Associative |(a+bhl+c=a+(b+c)| (abl=albn)

ALG2010-02
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If you take a whole number, like 5,
and subtract 7 from it, is your answer
a whole number? Mo.

Therefore we say that the whole
numbers are not closed under
subtraction. (You get an answer that
is outside of the set.)

The real numbers, however, are
closed under addition. You can add

Lecture 10; Page 3

The commutative property says that
you can switch the order when adding
numbers. You can also switch the
order when multiplying numbers.

The associative property associates
different numbers together - it has to
do with grouping. |t works for both
addition and for multiplication.

0 is the additive identity. If you take
any number and add zero to it, you gst
that same number back.

1 is the multiplicative identity.

When you multiply by 1, you get the

same number back.
3B

| dentity a+0=a ar1=a any two real numbers together and
Inverses a+-a=10 A % =1 your answer will be a real number.
Distributive alb + c)=ab + ac You can also multiply any two real
numbers together and your answer
will be a real number.
=1:3 =1:3
ALG2010-03 ALG2010-04
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Additive inverses are opposites,
they add up to zero.

Multiplicative inverses are
reciprocals; numbers that, when
multiplied together, give 1.

The distributive property ties
addition and multiplication together -
it is called the distributive property of
multiplication over addition,

We need to know how to
a) distribute a number over a group
b) factor out common factors.

=1-3
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Lecture 11; Solving More Difficult Equations

We talked a little bit in the last unit
about solving equations, When
working with equations we neead to
remember to do the same thing to
both sides. Sometimes our equations
get a litile bit more complicated.

In this lesson we will teach you
some new technigues for solving
more difficult equations.

ALG2011-02
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Example 1: Solve for x.
2%+ 1)-5=4x-2(x + T)

There is one value for ¥ that we can
put into this equation to make it true.
Wae need to simplify this equation.

Begin by getting rid of the
parentheses using the distributive
property:

3(2x+1)-5=4x-2(x +7)
Bx+3-5=4x-2x-14

=1-3
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Mext, combine like terms:

Gx-2=2x-14
=2% =2%
dx-2=-14
+2 +2
ax =12 x=-3
4 4

S0 when you see parentheses
inside an equation, just use your
distributive property to get rid of
them.

=1-3
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Fractions and Decimals

Example 2: Solve for x.
2x+1=7
3 2
When you have an equation that
has fractions in it, you can always
get rid of them. You can use a
process called clearing the fractions,
The secrel to clearing the fractions is
twio things:
- common denominakor
- distributive property

=1-3
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Clear the fractions by multiplying both
sides by the common denominator:

ALG2011-06
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Decimals

Example 3: Solve for x.

2x+1=7 02x+ 5=19
£ g You can get rid of decimals by
6 (E X+ 1_) =78 multiplying by the common denominator
- (which is 100 for this example):
F.2eB.1 =42 02x+5=19
U 100(.02x + 5) = 1.9+ 100
dx + 3 =42 2x + 50 =190
a3 -3 50 -50
4x =39 x=239 2x =140 x=70
4 4 4 2 2
=13 j21:3
ALG2011-07
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Example 4;: Solve for x.
(2x +1){x-5)=10

This equation has the format ab = 0,
For this to be true, either ais 0, bis 0,
or they both are 0.
ab=0
a=0orb=0

If the product is zero, then one or
more of the factors is zero.

This is the key to solving this problem.

=1:3

ALG2011-08
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(2 +1)(x-5)=0
2x+1=0 or x-5=0

2% = -1 x=5
x=-1
2

This is one equation with two solutions,
In this equation, x can be either -1 or 5.
2

We can have equations with many
solutions.

This property only works if you have
something times something equals zero,

=1-3
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Example 5: Solve for x.
I+ 3x=0

Using the distributive property, factor
out an x:
2x2+3x=0
2x+3)=0

x=0 or 2x+3=10

2x=-3

x=-3

2
x=0or -3
2

=1-3

ALG2011-10

Lecture 11: Page 10

We talked about the following:

— Getting rid of parenthases using
the distributive property

— Clearing fractions using the
common denominator

— Clearing decimals (optional)

—a-b=20/(Youcan only use this
property when you have a product. If
you don't see a product, see if you
can use the distributive property to
factor the equation, turning it into a
multiplication problem.)

=1-3
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Lecture 12; Using Equations
Word problems make you think
about the problem a little bit more.
A) Consecutive Number Problems

One type of common word problems
are consecutive integer problems.

Consecutive integers are numbers
right next to each other, like 7 and 8,

aH
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Example 1: Find three consecutive
integers that add up to 54.
Let x = 1%integer
X + 1= 2" integer
% + 2 = 37 integer
The sum of these three consecutive
integers is 54:
(Xx)+{x+1)+(x+2)=54
Once you have an equation, it's
easy to solve it. Begin by combining
like terms:
3x +3 =54

3x =51 x=17

AH
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1% integer = 17
2™ integer = 18
3" integer = 19
What if you were asked to find
consecutive odd integers or to find
consecutive even integers?
Then,
¥ = 1% integer
% + 2 = 2™ integer
X+ 4 = 3% integer
If you see that you are looking for
odd or even consecutive integers,
remember to add 2,

BH
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B) Geometry-Type Problems

Example 2: The length of a rectangle
is 2 more than twice the width and the
perimeter is 42, Find the length and
width of this rectangle.

Begin by drawing a figure. (Whenever
you can, you'll want to draw a picture
to help you keep track of things.)

aH
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Example 4: 40 is 8% of what number?
40 = .08x

Example 5. 20 is what percent of 5007
20 =x.500
20 = x.500
500 500

2 =x=1
50 25

But we were asked to find a percent.
We need to turn this fraction into a
percent.

AH

2w+ 2
C) Percent Problems
Perimeter = 42 w
Example 3: 15% of what number is 3007
V5« x =300
202w+ 2]+ 2w =42 You can choose to clear the decimal
4w + 4 + 2w =42 by multiplying both sides by 100, or
Bw + 4 =42 just solve the equation as follows:
Bw = 38 A5.x=300= 3.10°
w=238=19 15 A5 15107
8 32 x=2-10°
|=2w+2=2(1_9)+2=%+§=4_4 x = 2000
3 2% 3 Scientific notation helps to keep
Thus, w =1?9. I =% track of the zeros,
AH BH
ALG2012-07 ALG2012-08

Lecture 12; Page 8

Cne way to do this would be to

change the denominator to 100:
1_: 14 :i: 49
25 25«4 100

Another way to do this is to divide:
04

257]1.00

The hard part about word problams
isn't solving the equation, it is coming
up with the equation. This just takes
some practice,

AH
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Lecture 13: Solving Formulas

This equation has two variables. Itis
the equation for converting Fahrenheit
degrees to Celsius.

This formula is "solved for C”. It
tells us how to find the temperature
in Celsius if we happen to know the
temperature in Fahrenheit.

Sometimes we know the temperature
in Celsius, but want to find it in
Fahrenheit,

How do we solve this equation for F?

=1-3

ALG2013-02
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These are literal equations; they
have lots of letters in them.

We ought to be able to use our
algebra skills and take a formula like
this one and solve it for any variable
wea want to.

Example 1: Solve for F.
C = 3(F - 32)
9

Circle the variable that you want to
solve for. This will help you to keep
track of what you are trying to isclate.

=1-3

ALG2013-03
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There is often more than one way to

do this.
C = 5((F) - 32)
g
8.C=5F-32)-9
5 ) 5
8C=F-32
5432 432
SCc+32=F
5

This is the formula for converting
Celsius to Fahrenheit,

S

ALG2013-04
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Example 2: Solve forr.
d=r-t

This formula tells you how to find the
distance if you know the rate and the
time. But sometimes we know how
far we drove, and how long we
traveled; we want to know how fast
we were going.

We'd like to take this equation and
solve it forr,

E=®"t
t t
d
t

=1-3
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If you know how far you drove and
how long it took you to get there, you
can find your rate (how fast you were

going).

Example 3: Solve for w,
|
W P=21+2w

This equation has three variables in it.
Right now it's solved for P,

=1-3

ALG2013-06
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P =21+2@
-2 -2
P-2l=2w
2 2
P-2l =y

We should be able to take any
equation and solve for any variable.

=1-3

ALG2013-07
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Example 4: Solve far P.
F= p(1 + I )m

n

This is a five variable formula used in
finance called the future value formula,

F= @(1 + %)"t

F'(1 + L)”t
Foo= n

=1:3
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Just add, subtract, multiply, or divide
until you get the variable you are
looking for by itself.

=1-3
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Lecture 14: Solving Inequalities

Inequality - not equal to
< less than
greater than
less than or equal to
greater than or equal to

Vok Y

We are going to be looking at open
sentences that are not equalities that
have one of these symbols.

For the most part, solving inequalities
is just like solving equations, although
there are some differences,

=1-3

ALG2014-02
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Example 1: Solve for x.

Ix+d4=hx+2
=3x% =3x

What do inegualities mean and how
should we write our answers?

=1-3

ALG2014-03
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1 =% 1islessthan or equal fo x
or

X =1 xis greater than or equal to 1

These two statements say exactly the

same thing.
< . =
01
Any number greater than or equal to 1
is a solution.

Example 2; Graph x = -2,

€ o—1
20

W

=1-3

ALG2014-04
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Example 3: 6<8

What happens if we multiply both
sides of this inequality by -27

2«86 B.-2
=12 > -16

Motice that =12 is bigger than -16.

Our sign changed fram < to =)

If we had divided by -2 instead:

6 8
2 2
3>-4

Motice that this sign was turned
around as well,

=1-3
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Eemember: Any time you multiply

or divide both sides of an inequality by

a negative number, you nead to turn

the sign around

Example 4. Salve this inequality.
5-3x=17
-5 -5
-3x = 12
3% o E

=l X <-4
-3 -3

Motice that the ineqguality sign turned
around because we divided by a
negative number,

=1-3

ALG2014-06
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¥ = =g

< it =
-4

You can always check your answer.

If you choose a number like -3, and
substitute it inta the original problem:
5 - 3(-3) = 17

5+9=17
14 > 17
This is false.
Thus, -3 is not a solution to this
inequality,

=1-3

ALG2014-07
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¥ = -

< b =
-4

But if you try something like -5
5-3(-5) =17
g+15=17
20 =17

This is true.

Thus, -5 is a solution to this inequality
as indicated in the figure,

=1-3

ALG2014-08
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For the most part, solving inegualities
is just like solving equations, but there
is one little provision — any time you
multiply or divide both sides by a
negative number, you must always
change your sign!

=1-3
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Lecture 15: Using Inequalities
Example 1: A student took three tests
with these grades: 85%, 89%, 91%.
What does she need to get on the

next test to get an A (90% or better)?
B5+89+81+x = 90
4

266 +x = 90
4

4+265+x%x = 904
4

265 +x = 360
-265 -265
¥ = 95
She needs a 95% or better to get an A,

=1-3

ALG2015-02
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Example 2. Plumber A charges $50 to
show up and then $40 for each hour.
Plumber B charges $20 to show up and
350 for each hour.
Which plumber should you hire?
A: 50 + 40h
B: 20 + 50h
When is A < B?
50 + 40h = 20 + 50h
=40h -40h
50 =20+ 10h
30 < 10h
3=<h

=1-3

ALG2015-03
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As long as the number of hours

is more than 3, Plumber A is less
expensive than Plumber B,

=1-3
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Lecture 16: Compound Inequalities

In this lecture we will learmn the
difference between "and" and “or".

A statement that has "and" in it is
called a conjunction, and a statement
that has “or" in it is called a disjunction.

Suppose that we had two clubs at

school, the French Club and the
Mational Honor Society,

=1-3

ALG2016-02
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EBeth is a8 member of the French Club

and the Mational Honor Society.
F NHS

()

inter;:eclion

Beth Venn Diagram

Sara is either in the French Club or in
the National Honor Society.
F NHS

&

union of two sats

Sara

=1-3
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Whenever you see the word “and”
you have to take the intersection - the
overlap of the two sets - the numbers
that are in both sets.

If you see the word "or” then you
hawve to unite the two sets - make one
big set out of tham.

and = intersection
or = union of two sets

=1-3

ALG2016-04
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Example 1. x=z5andx=7

-

[1.

=
oy

L

n
-~

Motice the word “and” in this problem,
This means that we are looking for the
intersection, or the overlap, of these

two sets.

- -

“ | 1

b T T =
5 T

= & 'y C
T L
3 T

=1-3
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Example 2: x=50rx=7

-

[..

=

]

All real numbers belong to this set.

L.

-
W

o
-

41
—~4

=1-3
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Example 3. x> 3 and x < 1

These sats do not intarsect,
Emply Set
a
{1

Mo Solutions

Any one of the above four answers
would be correct for this problam,

=1-3
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Exampled4: x=3orx <1

-

=0
L O

Example 5; 2x+1>-2and 3x -4 <17

2% = -3 Ix =21
Xx»-3 xeT
2
= c 0 *
< 4 ¢
-3 7
2

=1-3
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Example 6. 5<4x+2 <10

This is a fancy way to do an “and"
statement. It is the same thing as
S<dx+2 and 4x+ 2 <10, If you
want to, you can separate this into
two statements, but actually, you don't
need to separate them; you can
solve them both at the same time,
Just remember, what you do to one
side, you must do to the others!

=1-3

31




Lecture 16 Notes, Continued

ALG2016-09

Lecture 16: Page 9

S=dx+2<10
-2 -2 -2
1 < 4__5: =
4 4

8
2

3 ay=<?
4

L' 3

ENEAE:: 3
e o

Always remember that when you see
the inequalities strung together like
this, you have an “and” statement.

=1-3
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Example 7: 2x+1=<-3or-2x+5>-7

This is a union of two sets,

2%+1=-3 or -2x+5>-7
2% = -4 -2x =12
W= -2 or x<h
— o
u 1 i
-2 G

"or® means union
“and" means intersection

ALG2016-10

=1-3
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Lecture 17; Absolute Value
Absolute Value - Distance from zero.
|x|=5
x is a number whose distance from 0
is 5 units. You can either be 5 units to

the right of 0 or 5 units to the left.
This is a disjunction: an “or" statement.

ALG2017-02

Lecture 17. Page 2
Example 1: Solve for x if [3x + 2| = 7.

If the absolute value is 7, the
distance from zero is 7. So, the
number inside the absolute value
symbols must be either 7 units to the
right of 0 or 7 units to the left of 0.

Lecture 17 Page 3

&
?
-3

] en 4

We have two numbers in our
solution set: -3 and 5.

So remember, if the distance from 0
is 7, we are either 7 units to the right
of 0, or we are 7 units to the left of 0,

=1-3

5 5 Ix+2=T7 or Jx+2=-
< i lr lr £ Ix=5 Ix =
-5 0 5 x=5 qar T
3 'y i
x=5 or x=-5 3 é
3
ALG2017-03 ALG2017-04

Lecture 17 Page 4
Absolute Values in Inegualities

Example 2: Solve for x if |x | > 3.

¥ is a number whose distance from
Zero is more than 3 units. Motice that
thera are two ways that you can be
mare than three units away from 0.

¥ could be more than 3 units to the
left or more than 3 units to the right
of zero.

>

M
¥:.%
e 4B

x=3orx=-3
This is the union of two sets.

=1-3
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Example 3: Solve for x if|2>c -5 [} 9,

We have some guantity, and its
distance fraom 0 is more than 2 units.
It is either more than 9 units to the
right of zero, orit's more than 9 units
ta the left of zero,

Thus, the guantity is either bigger
than 9 or less than -9.

ALG2017-06

Lecture 17 Page 6

Itis good to check by selecting a
number within each region to be sure
that your answer is correct,

Greater than (| x| = b) becomes an
"or" statement.

Example 4; |x|<6

Mow x is a number that is closer to
0. Its distance from 0 is less than 6
units. It is not very far away from 0.

Lecture 17 Page 7

Once again, this one statement,
|x | < 8, splits into two, but this time
it's a conjunction, an “and” statement.

Example 5. Solve for x if |-2x + 4|=< 7,
This statement says that we have
some number whose distance from 0
is less than or equal to 7 units. So
it's not too far to the right and it's not
tao far from the left of 0. Thus,

2x+4 =<7 and 2+ d =7
2x =3 =2 =11
x=-3 and xs 1

2 2

=1-3

A e —p———————
2%-5=>0 of 2x-5<.Q -6 0 3]
2% =14 2% = -4 We have an interval this time. We
x>T or x<-2 have all the numbers between -6
< & & > and 8. This is an intersection,
-2 7 x>-Bandx<B
3B 3B
ALG2017-07 ALG2017-08

Lecture 17 Page 8

= 11

2 Fi

W

Less than {| x| < b) becomes an
"and" statement.

Motice that when we said greater
than {| x| = b), we had an "or"
statement, and when we said less
than{| x| < b}, we had an “and"
statement.

Instead of trying to memaorize this,
remamber what you are doing.
Remember that you are looking for

the distance from zero.
3B
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Lecture 18: Relations and Ordered Pairs

This lecture involves graphing.
Graphing is a big part of algebra.

A relation is a set of ordered pairs
of numbers.

(3, 5)is an ordered pair.

{3, 5) (-2, 4) {0, 8) (9, 7)} is a relation.

In this relation there are only four
ordered pairs. This is a finite relation
because we can count the number of
ordered pairs within this set.

Infinite relations also exist. The
reason we call them relations is
because usually there is a relationship
between the numbers.

T

ALG2018-02
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{(0, 1)1, 2) (2. 3) (3. 4)...}
MNotice that in every one of these
ordered pairs, the second number is
always one bigger than the first
number. This is the relationship
between the numbers.

X
[
(3. 4)
Each ordered pair consists of an x
and a y number,
{(0, 1)1, 2)(2, 3) (3. 4)..}
y=x+1

i}

ALG2018-03
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Relations have a domain and a range.
The domain is the set of all the x
numbers, (1* coordinates)
The range is the set of all the y
numbers, (2™ coordinates)
{(3,5) (-2, 4) (0, 8) (9, 7)}
Domain: {3, -2, 0, 9}
Range: {5 4,8 7}
There are basically three ways to
write a relation.
1. A relation can be written using the
roster method:
{(3.5) (-2.4) (0.8) (9.7)}

ALG2018-04

Lecture 18; Page 4

2. A relation can be written in a table:

x|

=3| 5

217

4 g

6|-8

i
domain range

0 = Domain {-3, 2, 4, 6}
R=Range {-8 5,7, 9}

There is no need to write the same
number twice if it appears twice in
either the domain or the range.
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3. A relation can be written as the
relationship:
y=2x%

This equation describes a relation.

It represents all the different pairs of
numbers having a y number twice as
big as the x number.

¥

3| 6

-7]|-14

You can choose any x, double it,
and you get the y that goes with it.

ALG2018-06
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This is an infinite relation. You can
come up with as many x's as you want
and you'll be able to find the y that
goes with them.

A relation is a set of ordered pairs.

The domain is the set of x-values
(the 1% coordinates in the orderad
pairs)

The range is the set of y-values
(the 2™ eoordinate in the ordered
pairs)
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Lecture 19: Graphs

The idea of tying together algebra
and geometry was invented by a French
mathematician, René Descartas, The
Cartesian coordinate system is named
after this mathematician.

Cartesian coordinate system — Two
number lines at right angles to each
other. Each number line is called an
axis. {Axes is the plural.)

=1-3

ALG2019-02
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The horizontal axis is called the x-axis.

The verical axis is called the y-axis.
¥
T4
13
12
11

i i i
T T T T

4 3 2 -1

a4
g

A4
.
ad
44
Every point in the plane has a pair of
coordinates, an orderad pair,

=1-3
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Yigs
13 (1,4}
124
T
—t—t—t —t——£
432,112 34
24
a4
-4 4

(4.1) ==4,y=1
(1.4) x=1,y=4
{4, 1) is not the same as (1, 4).

Order is important!

=1-3
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We always put the x-coordinate first,
and the y-coordinate second.

The paointin the middle when these
two axes cross has coordinates (0,0)
and is called the origin.

The ¥ and y-axes divide the plane up

into four regions, called quadrants, that
are always numberad the same way.

=1-3
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Lecture 19: Page 5 Lecture 19: Page 6
Quadrants All points have two coordinates in
Vi

the Cartesian coordinate system.
T3 A relation is a set of ordered pairs,
Il 4z |
1

Example 1: Graph the following relation.
X

4 .3 2 -1'_1__&2'_ 3 4
origin

X
11 O S\ . 3
-3+ v 2
4 0
+x, +y: Quadrant |

=%, +y: Quadrant 11
-x, =y:  Quadrant 111
+x, =y: Quadrant 1V

th — M

=1-3 =1-3

ALG2019-07 ALG2019-08
Lecture 19: Page 7 Lecture 19: Page 8
Example 2: Graph this relation: Every linear equation has a graph
y=x+1 and every linear graph has an

equation. We will do this back and

|y forth a lot in this class. A graphing
01 calculator can graph these relations
5|6 for us.
-3 |-2 Example 3. y=2x -1
213 [
: : X |y
0 |-1 4
3|5
Every point on this line satisfies the =3 |-F
equationy =x + 1,

=1-3 =1-3
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Is the point (100, 200) on the line
y=2x-17 MNo.

If you substitute x = 100 and y = 200,
you get;
200 = 2(100) - 1
200 # 199

Thus this point is not on the line
y=2x-1.

All ordered pairs on the line will
satisfy the equation y = 2x -1.

=1-3

ALG2019-10
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If you are given an eguation, find
enough points to see the pattern, then
draw the line that goes through those
points. Don't forget, though, that not
all equations represent a line.

=1-3
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Leciure 20: Definition of a Function

In this course we will learn a lot
about functions and classifying curves
as different lypes of functions. So
we'd better know what a function is.

Think of a function as baing a machine.

./

The opening at the 1op is a place
where you can drop in numbers,

ALG2020-03

Lecture 20: FPage 3

5+ 4 % 11, s0. this function is not
ane that adds 4 to what you drop in.

Something else is happening.

What operation or operations do we
nead to perform to make 3 turn into 7
and 5 turn into 117

ALG2020-02

Lecture 20: Page 2

The maching performs some
arithmetic operation on the number
dropped in and a single answer

comes out. C 6
6

There are many ways you can turn a
Jinto a ¥, Maybe this function adds 4
to whatever you drop into it. Walch
what happens, though, when we drop
in the numbar 5,

ALG2020-04

Lecture 20: Page 4

Is it the function that multiplies the
number dropped in by 2 and then
adds 17

3 =7
5—=11

2(3)+1=7
2(5) + 1 =11

Yes, this is how this particular
machine is working.

The way we say this is by writing
down a formula for every function.
Wae give functions names.
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Lecture 20: Page 5

Some functions are built into our
calculator and have their names written
an the calculator keys. Other functions
that we make up, we name ourselves,
like function f or function g or function
h. Let's call our function, function f;

5 i
f

1154){“‘:\;

fis the name of the machine itself.

ALG2020-06
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The hardest part to get used o is
function notation.

511 (3
f

2|
fim)
This machine takes the number

dropped in, doubles it, and then adds 1:
The algebraic expression for how this
machine is operating is:

2% + 1

11

i}

ALG2020-07
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The hard part to understand is the
left-hand side of this equation, because
when we drop in the number x, f{x)
{read f of x) comes out:

5. % -3
It
f

b

He)

11

It's really nice notation once you get
used to it

ALG2020-08
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¥ 18 a number, and fis the name of the
machine.
fix) represents the number that comes
out of machine fif you drop in x.
fix)=2x + 1
The numbers that comes out of f if
you drop in x is 2x + 1. That's how
this formula works.
fl)=2()+1
f(7)=2(7) + 1
% is a place holder - it's holding the
place of a number,
f(-2) = 2(-2) + 1
=-3

=1-3
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Lecture 20: Page 9

Example 1: If fix) = 2{x] + 1, find f{10),

To find f{10), just substitute 10 in for x:

f{10) = 2{10) + 1
=21

If you drop in x, this machine called f,
will double it and then add 1.

Let's build what some people refer to
as an in-out table :

ALG2020-10

Lecture 20: Page 10

We can pair the input numbers with
the output numbers, and now we have
orderad pairs. That's what graphing is
all about. When you draw a graph,
you are looking at ordered pairs of
numbers.

The “in" number we call x and the
"out’ number we call y, and we just

Lecture 20: Fage 11

These points form a pattern; in this
case a straight line. This graph
represents the function fix) = 2x + 1.

Every function has a graph.

T =1(3)
When you drop in 3 out comes 7
11 = (5)

When you drop in 5, out comes 11.

S0, ¥y = f{x]. Throughout this whaole
course, whenever we falk about a
function and say f{x), you'll want to
remember that f{x) = y.

=1-3

31 7
5|11
7115
=21 -3
ALG2020-11 ALG2020-12

Lecture 20: Page 12
fix) is a formula for finding v.
flx)=y=2x+1
This is the equation of a line. If we
change the formula, we get different
kinds of graphs.
If a function is a machine, it is very

consistent. For each x number that is
put in, only ane answer comes out.

=1-3
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Lecture 20: Page 13

This situation is impossible:
S
]
i
127 %13
Machinges don't do this,

Every time you do something to a
machinge, it's going to respond in the
same way. This is impossible.

If g{7) = 12 today, then g(7) cannot
be 13 tomorrow. g(7) can only be our
thing. This will never happen.

=1-3

ALG2020-14
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We will never have a function that
has two different points with the same
x-coordinate. That would mean that
at two different times we dropped the
same number into the function got
two different numbers out. This is
what we call the vertical line test.

Any time we look at a graph, we can
easily tell if it is a function or not.

=1-3
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All non-vertical lines are functions.
Mo matter where you put a vertical line
through this graph, it only touches the
graph once:

Suppose however, that you had a
graph that looks like this:

=1-3

ALG2020-16
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|s this a function? Mo. This graph
does not pass the vertical line test.
|

If you ever have a graph that a
vartical line touches twice, you do
not have a function. A circle is not
a function.

=1-3
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Lecture 20: Page 17

This is a function.

Mo matter where we place our
vertical line, it only touches this graph
once.

=1-3
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In summary,
— f{x) is the notation that we use for
functions.

— You have an idea of what it means
to graph a function:
— Let x be your “in” numbers
— Let y be your “out” numbers

~ You know how to test for a function
by using the vertical line test.

=1-3
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Lecture 21: Graphs of Linear Eguations

Mow we are going to focus on linear
functions. Linear functions always
have straight lines for graphs. They
are the easiest functions to deal with.
If you know a function is a straight line,
all you need to do is find any two
points and this will determine your line.

You need to be able to identify linear
equations.

Linear eqguations have this form:
Xt _y=_

=1-3
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Lecture 21: Page 2

Linear functions, linear relations,
linear graphs always have equations
like this: an x term, a v term, and a
constant.

Sometimes the x term is missing,
sometimes the y term is missing, and
sometimes the constant is missing.

The important thing to note,
however, is that x and y are both to
the first power, and never in the
denaminator,

=1-3
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y =x?

y = x| These are not linear
y= & functions.

y =

As long as you have just x terms,
y terms and canstants, your graph
will always be linear.

There are different ways to graph
linear functions.
1. Graphing using the intercept method.
Graph the following equation;

=1-3

ALG2021-04
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Example 1; 3x-dy =12

(Motice that we have an x term, a
y term, and a constant. So we know
that we have a straight line.)

If we want to graph this line using
the intercept method, we would
A) Find out where the graph crosses
the y-axis (the y-intercept)
B) Find out where the graph crosses
the x-axis (the x-intercept)
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Every point on the y-axis has an
x-coordinate of 0.

Let x = 0 to find the y-intercept:

3+0-4y=12
Ay =12
y=-3

Thus, (0, -3} is the y-intercept of this
ling.

Mow we want to find the x-intercept,
Every point on the x-axis has a
y-coordinate of 0,

E8

ALG2021-06
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Let y = 0 to find the x-intercept;

dx-4-0=12
dx =12
x=4

Thus, the x-intercept is (4, 0).

/
Any two points define a line, This
is called the intercept method.

== ]

ALG2021-07
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2. Graphing after solving for y.

Same people would prefer to always
solve the equation for y, especially if
they have a graphing calculator. A
graphing calculator requires that you
enter your equation solved for y.

Example 2; Solve this equation for y;

3){-4®= 12
-3x -3x
=y =12 - 3%
y =12 -3x
-4

=1-3

ALG2021-08
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Mow we have a formula. Given any
x-value, we can find the corresponding
yvalue, Mow we can substitute any
value in for x and salve y.

y =12 - 3x

{It's nicer if the x values are spread
apart.)

=1-3
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This is a lot of work, unless you are Example 3; Graph x = 5.

using a graphing calculator.
This is a linear graph. The y-term

y = {12-3x)/-4 is missing, but we have an x-term
This is how you would enter this and a constant.
formula into a calculator, What does this graph look like?
Students often struggle with this
There are three kinds of lines:; kind of equation, but it should be the
- vertical lines easiest kind,
- harizontal lines This equation is telling us that x
- slanted lines has to be 5; no matter what y is, x
has to be 5.
=13 =13
ALG2021-11 ALG2021-12
Lectura 21; Fage 11 Lectura 21; Page 12
1Y i 1 What about y = -2?
5 |1 R PP S
5 |7 No matter what x is, y = -2;
510

-
-

All points having an x-coordinate of 5
lie on this vertical line.

Any time you have x = constant, your If y = constant, with no x term, then
graph will always be a vertical line. your graph is going to be a horizontal
line,
=1:3 =1:3
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Mo y term, just an x term: wvertical line

Mo x term, just a y term: horizontal line

When you have an x and a y term you
have a slanted line.

If you just have an x-term, your line is
vertical. If you have just a y-term your
line is horizontal.

=1-3
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Lecture 22: Slope

This is a very important lesson. You
will see this concept in many classes
in the future. /

—

All of these lines are different,

As we go from left to right, these lines
are becoming steeper.

We are gaing to put a number an
each line to describe how steep it is.

To determine how steep a line is, we
take away any two points on the line
and we imagine fraveling from one
point to the other a certain distance

over and a certain distance up.
=1:3
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slope = % 1
6

distance over

The slope of this line is %,

Slope = 3 =1 :3
3 3=
The bigger the number, the steeper
the line and the larger the slope,
m = slope = fis&
run
The run is the horizontal distance,

the rise is the distance up.

=1-3
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m is the letter used worldwide in math
to represent the slope.

1
This line is much steeper than the
others. Its slope is much larger.

e . rizse=0

m=0
3 3

Horizontal lines always have a slope
of 0 because they are not slanted at all.

=1-3
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4 rmn=0
m = 4 undefined
1]

All vertical lines have an undefined
slope.

=1-3
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So far, all of our lines have been
increasing (going uphill). There are
also lines that go downhill.

5

T "=
|3
|

This line goes down instead of up. It
has a negative rise. Any time you have
a line going downhill, you will always
have a negative slope.

=1-3
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Let's do this on graph paper.
Example 1. Find m.

s

H/,,/———faa:;?

82

Y

e

run; 9--8=17 v
rise: 5-2=3 m=3
17
Most people would like to be able to
calculate the slope of this line without
needing to draw a picture,

=1-3
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Example 2;
Find the slope for the line that
connects these two points.
-8, 2),(9 5)
m = ﬂ =2-5= -l = l
n  -g-9 -1¥ 17
You can subtract in either order as
long as you are consistant,
Slope Formula m= Yz=¥1 = ¥i°¥;
Koo ¥y Ko Xy
Example 3: Given the following two
points, calculate the slope.
(3.7).(-2.-5)
m=7--5=12
3--2 5

=

=1-3

ALG2022-08
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In the last lesson, we talked about
how you can take an equation and draw
a graph. VWhat if you are given a graph,
can you come up with the eguation?

Example 4. Given the following graph,
find the equation.

(%, y}
(4. 3)

e
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Y- 3= g
x-4 2

This is the equation of the line. If we
take this equation, and multiply both
sides by (x - 4);

(x-4)(y-3) = 3(x-4)
(x-4)

y-3=2(x-4)

pajes R

We have a y term, on x term and
some constant terms. So this is an
equation of a line.

8

ALG2022-10
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Itis called the point-slope equation
for the line.

POINT-SLOPE EQUATION FOR THE LINE
Y =¥y = mix-x,)
Where y, = y-coordinate of given point
%, = x-coordinate of given point
m = slope

This is good to memaorize!

ALG2022-11

Lecture 22: Page 11

Example 5: Find the equation
for this line.

(-2, 3)

We are ready to write down the
equation. Every line has an equation
and every equation has a line. We
are always going to be back and forth,

¥ =¥, =mix-x,)

=1-3

ALG2022-12
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_5:_1}(--2
y ,L_,i )
.5:.1x+2‘
¥ 2{ )

This is the point-slope form of the
equation of a line.

There are other ways to write the
equation of a line that we will talk about
in subseguent lessons. But if you are
given a single point on a line and the
slope, this is the quickest way to come
up with the equation for this line,

=1-3
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Lecture 23: Equations of Lines

Example 1: Example 2
y=2x-3 y=2x+4
x|y 3
ala X1 ¥
0 |-3 3|6

-3 2
Now that we have |[m=6-2 =4 = 2
3--3 &6 2

two points, we can

calculate the slope Motice that the

af this line. number in front of
m= 2-(-3) the =, called the
3-¢ coefficient of x, s
=6=2 the slope.
: y=2¥+4
y=2%-3 -
&3
ALG2023-03

Lecture 23:. Page 3
Example 3.
Find the slope of this equation:
2x+3y=5

Begin by solving for y:

2x+3®=5
=2x =2%
Jy=-2x+5
3_F= 2%+ 5
Fj 3
y=-2x+5
3 3
slope =-2
3

=1-3

ALG2023-02
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As 500N as you are given the
equation of a ling, you can find the
slope without finding any point at all.
If you can put the equation in the form

Lecture 23; Page 4

Example 4:
'3|' -

Let's go back to this equation again.

(A1 [

y=_ x+__, immediately you know
the slope.
y=58x-2 slope =5
y=Tx+6 slope=7
4 4
=1:3
ALG2023-04

%+ 4

What happens when x =07

X
o

Y
4

This is called the y-intercept.

=1-3
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Recall that our equation is
y=2x+4
3
Mow we know that
— the coefficient of % is the slope, and
— the constant is the y-intercept.

y=2x+ 4 < y-intercept

d R"“‘Elﬂpﬁ

=1-3
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This is commanly written
y=mx+b
It's called the slope-intercept form of
the equation of a line.

SLOPE INTERCEFPT FORM OF THE
EQUATION OF A LINE
Y=mx+h

Where m = slope
b = y-intercept

If you know the slope and the
y-intercept, you can very quickly
come up with your equation.

=1-3

ALG2023-07
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Knowing the slope and y-intercept
also makes graphing your line very
quick:

|

= y-intercept

4
2 =glope = rise
3 run

On this line, every time you run 3,
you rise 2.

=1-3
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Once you have any two paints, you
can graph your line.

s aanaan s

L'
The slope-intercept form of the line is

the equation most people like the best,

There are two kinds of equations
— We will gither give you an equation
and you will give us the graph. or
— We will give you the graph and ask
for the equation.

=1-3
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Example 5: Graph this equation.

ALG2023-10

Lecture 23; Page 10

Example 6: Find the equation

Lecture 23: Page 11

So, you should be able to go both ways:
— Given an equation, you should be
able to give us the graph, or
— Given a graph, you should be able
to give us the equation.

You now have a choice, There are two
different forms for writing the equation
of a line that we have discussed:

Point-Slope Form: y -y, = m{x - x,)
Slope-Intercept Form: y = mx + b

=1-3

y=-2x+5 for this line.
1
m=-2= _g - {0, 4)
- 1 -2
Ea ’ (3,0
To find the equation, first find the slope.
m=4-0=4=-4
0-3 3 3
b = y-intercept = 4
y=mx+Db
=-4x+4
3
=1:3 =1:3
ALG2023-11 ALG2023-12
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Any time you are asked to find the
equation of a line, you get to decide
which farm you should use. How do
you decide? Both require that you
know m, the slope.

Tao use the slope-intercept form, you
need to know b, the y-intercept. If you
aren't given b use the point-slope
farm.

=1-3
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Example 7: Find the equation We have two points, 50 we can
for this line. calculate the slope: (-2, 6} (5, -3)
(-2, 6) m=6--3=9
2.5 .7

We can use either point to write the
point-slope form of this line:
{9, -3)

Motice that you were not given the y-6 (x--2)
point where this line crosses the y-axis.
So we don't know b. So let's use the

point-slope form, because all you need

for this equation is one point and the
slope.

ALG2023-15

Lecture 23: Page 15

If you would have used the other
point, you would have gotten a different
looking equation, but an equivalent one
to the one given above. So they are
cormrect.

This is it. If you know the point-slope
and the slope intercept forms for writing
the equations of a line, you are in good
shape.

If you know b, use the slope intercept

form, y =mx + b.

If you don't know b, use the point-

slope form, y - y, = m(x - x,)

But for both of them, you need to
calculate the slope.

~|o |~

(x+2)

e
i
o
Il

=1-3 =1-3

=1-3
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Lecture 24: Parallel and Perpendicular
Lines

e

These lines are parallel. If the slope
of ane of these lines is E, what is the
slope of the other line? It also has a
slope of 2. Parallel lines have the

same slu%e//

m= m=

L33

2
3

=1-3

ALG2024-02
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Perpendicular lines - intersect at a
90" angle, forming a right angle to
one another.

Do perpendicular lines have the
same slope? No.

These two lines do not have the
same slope. One line has a positive
slope, the other a negative slope,

=1-3

ALG2024-03
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There is an interesting property of
perpendicular lines.

£

B |

L#

Imagine rotating the line £,, having a
slope of 3 about the intersecting point
of these #M:: lines, until it lands on top
of the line it is perpendicular to, £,.

=1-3
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What is m for line £,7 m =-4

[+

So there is a relationship between
the slopes of perpendicular lines.

=1-3
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Perpendicular lines (L) have slopes
that are opposite reciprocals,

All perpendicular lines have the
property that their slopes are opposite

ALG2024-06

Lecture 24: Page 6

Example 1: a) Is the point, (5,1) on the
line y = 2x + 47
y=2x+4

Lecture 24: Page 7

b} Find the equation of the line that
passes through the point (5,1) and is
parallel to the line y =2x + 4

What is the egquation of this blue line?

reciprocals.
Slope of ling Slope of L line

7 -8 Mo, because if you substitute the

- u coordinates of this point into this

-2 a1 equation, you do not get a true
2 statement.

4 -1 1#2(5)+4
4 1% 14

=13 =13
ALG2024-07 ALG2024-08

Lecture 24: Page 8

We can use the point-slope formula
since we are given a point and we
know that the slope is 2 since it is
parallel to the first:

y-1=2(x-5)

y-1=2{x-5)

or
Y =2%-9

¢} Find the equation of the line that
passes through the point (5, 1) and is
perpendicular to the line y = 2x + 4,
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Again, we will use the point-slope
formula, but this time the slope is
the opposite reciprocal, or - 1.
Thus, the equation for the red line
is: y-1=-1(x-5)

or y=-1x+7
2z 2

=1-3

ALG2024-10
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Remember:
— Parallel lines have the same slope
— Perpendicular lines have slopes
that are the opposite reciprocals,

=1-3
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Lecture 25: Absolute Value Function

Mot everything in the world is linear.
fix) = |x]|
This function is not a straight line,
let's begin by building an in-out table:

ALG2025-02

Lecture 25. Page 2

Remember that the absolute value
function tells us x's distance from from
zero, Absolute values are always
positive. We won't have any points in
the third or fourth quadrant, because

Lecture 25; Page 3

Example 1. Graph the function
fix)=|x|+2 y=|x|+2

N

R
.hmmm-hm|-::

3|5
Each y-coordinate is now 2 units
bigger than it used to be. This graph
locks just the same as it did before, it's
just shifted two units higher,

=1-3

x|y ¥ = |x| there the y-coordinates are negative.
313
2|2 The absolute value function is a "v"
-1 11 shaped function.
010 S -
111
212
313
ALG2025-03 ALG2025-04
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Example 2: Graph the function
fix)=|x+2|
y=|x+2|

(=}
m.b-mm—=c—~|*-:

This function still has this v-shape,
but this graph has been translated
two to the left.

We will talk more about transformations
later in this course.

=1-3
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Lecture 26: Composition of Functions

Some of our functions were obtained
by taking other functions and combining
them.

There are four obvious ways we can
combine functions: We can

— Add them

— Subtract them

— Multiply them

— Divide them
Example 1: If f(x)=2x + 3 and

gix) = 2x - 4,
a) Find f{x) + g{x)
fix) + glx) = (2x + 3} + (3x - 4)
=9x =1

=1-3

ALG2026-02
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aix) + f(x) = f{x) + g(x) Since addition
is commutative.

This is one way that we can get a new
function out of two old functions. We
could also multiply functions together;
multiplication is also commutative,

=1-3

ALG2026-03
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Remember that subtraction and
division are not commutative.
b) Find f{x} - a(x)

fix) - g(x) = (2% + 3) - (3% - 4)

=2x+3-3x+4
=-xk+7

gix)-fix)=x-T
This operation is not commutative.

In this lesson, we are going to teach
about a whole different operation
called compaosition. The symbol for
composition is =,

This is only an operation on functions.
REemember that a function is a machine,

=1-3

ALG2026-04
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{I
g j
|
g(x)
tiﬁ
fla(x)) (f of g of x)

or {f = g)(x)

This is a two-step machine:
g does its thing 1% then f does its thing.

=1-3
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Example 2; Suppose f{x) = 3x + 7
gix)=2x% -4
a) Find f = g{x)
This is the composition of f and g.
(.:-:
g

L 1o g
g(x)

I

flgix))

=1-3
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f o gix) = f(g(x))
We are going to work our way out of
the parentheses, starting on the inside.
First, we are going to put x into g:

gix)=2x-4
Mow we will substitute 2x - 4 in for x
within f{x):

f(2x-4)=3(2x-4)+ 7
=Gx-12+7
=6x=-5

=1-3

ALG2026-07
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What happens if we switch the order?
Do we still get the same answer?
b) Find g = f(x).
g ° f(x) = g(f(x))
Start on the inside and work your way
aut. In this case, we will do f{x) first:
fix)=3=x+7
Qi3x + T)=2(3x +7)-4
=Gx+14-4
=6x+ 10

This operation is not commutative.
feglx)#ge=fix)
This is a very important idea.

=1:3
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Lecture 27: Systems of Equations in
Twao Variables

How many solutions does this
equation have?
y-x=1

This equation has an infinite number
of solutions. Each of the solutions is a
point on the line. Each solution is a
pair of numbers { x, y).

Some of the solutions to this equation
are the following: (3,4}, (4,5), (6,7)

=1-3

ALG2027-02
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There are an infinite number of
solutions to this eguation.

=1-3

ALG2027-03
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How many solutions are there to this
equation? y+x=3

This equation also has an infinite
number of solutions.

Some of the solutions to this equation

re: (2.1). (5, -2). (-3, 8)

y-x=1

y+x=23

=1-3

ALG2027-04
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Mow we are going to talk about
something new.

Thare are infinite solutions to the
equation y - x = 1.

There are also infinite solutions to
the equation y + x = 3. But now we
are going to be talking about what we
call a system of equations.

System of Equations

y-x=1
y+x=23

=1-3
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The solution to a system of equations
is an ordered pair that makes both
equations true.

The point {5,6) makes the top
equation true. Would it make the
second equation true? MNo.

6+5 2 3
11#3
Mo, (5,6) is not a solution to the
second equation.

=1-3
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(-2,5) is a solution to the second
equation, |s it a solution to the first
equation? No.

5.221
T#1

Mo, (-2,5) is not a solution to the
first equation.

=1-3

ALG2027-07
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From the picture, how many
solutions are there to this system?
How many ordered pairs make both
equations true? How many points
would be in the intersection of both
lines? y-x=1
(y=x+1)

\!‘r-l-_]{::}

(y=-x+3)

=1-
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Just 1 point makes both equations
true. That's what we are going to talk
about for several lessons — leaming
how to find the solution to a system of
equations.

The worst way to solve a system of
equations is to look at a graph.
Graphs are not that accurate. It looks
like the point (2,1) could be the
solution; lat's try it

y-x=1 1—2;1.—131 no
y+x=23

=1-3
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What about the point (2,3)7
y-x=1 3—2%1,1=1}res
y+x=3 3+226523 no

If we draw the graph a little bit better,
it looks like the point of intersection
might be (1,2). Let's try this point:

{y-x=1 2-1%1,1=1 yes
y+x=3 2+1=3,3=3 ves

(1,2} is the solution to this system of
equation.

=1-3
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It's hard to draw an accurate enough
graph to find the solution graphically.
This is not how we are going to solve
our systems, by just looking at graphs.

There are three or four other
procedures that we are going to use
that are much better.

We'll talk more about these in the
procadures in the following lessons.

=1-3
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In summary,
— The equation ¥ - x = 1 has an
infinite number of solutions

— The equation y + x =3 has an
infinite number of solutions

— All the solutions of the first equation
are on one line; all the solutions to the
second equation are on another line.

— Woe are looking for the point that
make both equations true,

=1-3
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You'll want to remember this as you
solve systems of equations. We are
looking for the intersection; we have
two sets of points and we'll be finding
the intersection of these two sets,

We've found the solution graphically,
but it was a little bit difficult,

y - ¥ = 1<=—infinite number of solutions
y + % = 3<—infinite number of solutions

We are looking for the intersection of

two sets.
3B
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Lecture 28; Solving Systams of
Equations

Solving systems of equations
graphically doesn't work very well.
It's hard to tell which point is on both
lines. We will talk about two different
methods for solving systems of
equations.

Method 1: Substitution

When coaches make a substitution,
they take one player out and put
another player in his place. Hopefully
the person substituted in is just as
good, or equivalent to the person
taken out. That's exactly what's going
to happen here,

=1:3

ALG2028-02
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M {2x+3y=1

@ [3x - 4y =27

Let's take one of the equations and
solve it for y. Let's choose equation (1):

@ 3_'_5" = 2%+ 1
3 3
¥

This means that y is the same thing
as - 2x + 1, This means we can

substitute one for the other,

=1-3

ALG2028-03
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Mow we will go to eguation @ and
substitute -%x + % for v.

(2) 3x -4y =27

@3x-4(—£x+1_)=2T

3 3

This equation (Z) looks just like it used
o look except we now have a substitute
for y. \What's the advantage of this?
This new equation has only one
variable.

ALG2028-04
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Mow we can solve this equation for x.
Let's begin by distributing the -4:

In+8x-4 =27
3 3

Mext, let's clear the fractions by
multiplying both sides of this equation
by 3

3 (3:-: +8x- i): (27)3
3 3

Ox + Bx -4 =81

17x-4 = 81
17x =85 4=5

17 17
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We now know that x is 5. Are we
done? No. We are looking for a point.

We are looking for an x and a y value
that make both of these equations true.

We are half dona.
Once you know X, you can substitute
this value into the equation for y:

y=-2x+1
3 3

Substituting in our known x value of 5;

ALG2028-06
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y=2(5)+1
3 3
=104+ 1
3 3
=9
3
y=-3

The paoint that's on both lines has
coordinates of (5, -3).

If we had a really accurate graph,
we might be able to determineg this
point graphically, but notice that we
didn't have to look at a graph at all,

ALG2028-07
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But sometimes substitution is kind
of a mess because you often have
to deal with fractions and it's easy to
lose track of where you are.

If it is difficult to isolate the = or y
variable to make a substitution, then
a much nicer method is called the
elimination method.

ALG2028-08
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Example 2: Elimination

Let's take the same system of
aquations and solve them using the
elimination method.

2x+ 3y =1
3x -4y = 27

To use the elimination method we
will want to multiply both sides of one
or both equations by some factor, so
that when we add the two equations,
only one variable remains.
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If we multiply our first equation by 4
and the second by 3, and then add
them together, watch what happens:

3| (3x -4y =27)

8x+12y =4
x-12y =81
17x =85

x=85=5
17

4{{2x+3y=1}

The y terms cancel each other out.
Wa have eliminated the vy,

TH

ALG2028-10
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Motice how much guicker we were
able to find x using this method than
using the substitution method,

MNow we are half done. We still
have to find y.

ALG2028-11
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We could substitute x = 5 into one of
the two original equations and then
solve for y or we could do elimination
all over again, this time eliminating
the x's:

2] (3x -4y =27
Gz+9y =3
-Bx + By = -54

17y =-51

17 17

3{{2}( +3y=1)

y=-3
The intersection point is {5, -3} just
like before.

ALG2028-12
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Elimination method works best
unless you have a pretty simple
system of equations,

Here is a system that we might want
to use substitution on.

Example 1: Solve this system of
equations using the Substitution

Method.
@{y =2x+ 1

x+Ey=T
@ |x+y
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Motice how the top equation is already
solved for y. So we can take the right
side of the equation (7) and substitute
it into equation (Z):

@ x+(2x+1)=7
Ixn+1=7

3x=6

¥x=2

MNow we know that x = 2, we can
substitute this value into equation (1)
to find y:

y=2x+1
y=2+2+1
y=5

ALG2028-14
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So the solution to this system of
equations is the point (2,5).

This problem was kind of set up to
use the substitution method because
one equation told you what the
substitution for y was, and the other
equation turned out to be pretty easy.

If your system is not this easy, you
will probably want to go with the
alimination method instead.

Let's do one more example using
the elimination method.

ALG2028-015
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Mow let's eliminate x;

-2{3x-3r=5 Bx + 2y =-10

6x+7y=1  Ox+Ty=1
By =-9
y=-1

The solution to this system of
equations has a y value of y = -1

ALG2028-16
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Mow let's solve for x,
Use the 1* eguation and substitute
y=-=1,
3x-(-1)=5
Jx+1=5
Jx=4
y=4

3

The solution to this system of

equations is (i, —‘1)
3
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Lecture 29: Using a System of Two
Equations

Once you leam how to solve systems
of equations, word problems become
much easier because you have maore
flexibility; you can use more variables.

20L

X Y
- e
+ ) ﬂ

We have two unknowns. We need
two equations if we have two variables.
X+ y=20
{.18x+ A0y = .15(20)

TH

ALG2029-02
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Mow we have a system of two
equations with two unknowns, We can
solve the system any way we want to.
Let's use the elimination method. But
first clear the decimals from the
second equation by multiplying both
sides by 100:

Thus, our system of equations looks
as follows:
x+y=20
{181( + 10y = 300

ALG2029-03
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MWow to solve this system of equations,
let's bagin by multiplying the top
equation by -18 to eliminate x:

-18|x+y =20
18x + 10y = 300

-18x - 18y = -360
18% + 10y = 300

-8By = -60
- -60
y =0l
8

4 2 2

ALG2029-04
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We would need a 71 liters of the
10% solution.

We could start all over with again
and this time eliminate y. But recall
that = + v = 20,

Therefore,
x+71=20
2
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We would need 12 % liters of the

stronger 18% solution, and 7 1 liters
of the weaker 10% solution.

If you have a word problem with two
unknowns, you can use two variables
as long as you have two equations.

That will give you a system of
equations. Then solve that system
by using substitution or elimination
method.
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Lecture 30; Systems of Equations in
Three Variables

There is no reason why a problam
can't have more than two unknowns.
Mathematicians often work with
equations having several variables.

X+ty+z=2
Xx+2y-z=-6
2x+y-z=-3

Let's just focus on the top equation
for a moment,

HCE

ALG2030-02
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The solution to this eguation is an
ordered triple; (x, vy, Z)

H+y+z=2

Some solutions to this equation
include the following:
(3.4, -5)
(6, 4, -B)
(2. 0,0
(0,2, 0)
(0,0, 2)

HCE

ALG2030-03

Lecture 30: Page 3

So it is very easy to come up with
solutions for any one of these
equations, But we are trying to find
the solution to this system. There is
only one ordered triple that would
make all three of these equations true.

Wae will solve this system of
equations using elimination. We are
going to take this big system and
reduce it, making a smaller system out
of it. We are going to do this by
eliminating a variable twice, x .

Let's begin by taking the first
equation and multiplying it by -1 and

adding it to the second equation:
HCE

ALG2030-04
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We will take this system and make it
into a smaller system.
Ml x+y+z=2
K+2y-z2=-6
2X+y-z=-3

This will eliminate x using the 1% and
2m aguations.

Key=z==2
X+dy-z=-5
y-2z=-8

HCE
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Mow we will start over and we will
eliminate x again, this time using the
first and the third equations, This
time:, we will multiply the top by -2

2x-2y-22=-4

2y +y=-Z==-3
-y -3z=-7

We started with three equations
and three unknowns and by doing
elimination twice, we've ended up
with a system of two eguations and
two unknowns: | y-2z=-8

{-y -3z=-7

HCE
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Mow we will solve this system. If we
just add these two equations together,
we can eliminate y.

y-2z=-48

¥-3z=-7
-5z =-15

z=3

We've got z. Mow let's find x and y.
We can solve for v by substituting 3 in
for z into one of the equations
consisting of y and z.

HCE

ALG2030-07
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Use y - 2z = -8 and solve for y

y-2(3)=-8
y-6=-8
y=-2

MNow we know 2 =3, y = -2, and we
can substitute them into any one of
the three original equations that has
an xinit.

Usex+y+z=2

HCE

ALG2030-08
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X+ty+z=2
X+-2+3=2
x+1=2
%=1
We could have used any of these
aquations; this one just looked the
easiest.
Our solution is (1, -2, 3).

The first step is the only new part,
Eliminate the same variable twice to
get a system of two equations with two

Unknowns.
Solve this system and then substitute
back and find the other variables.

HCE
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This would also work for a system of
four eguations and four unknowns; you
would use elimination three times to
reduce down to three eguations. Then
you would use elimination two times to
reduce down to two equations. You
know how ta salve it from thers.

Just remember the procedure;

1} Use alimination twice to reduce
your system down to two equations
and two unknowns.,

2} Solve that system, and then

3) Substitute back.

HCE
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ALG2031-01

Lecture 31: Solving Systems of Three

Equations

It would be so nice in the real world
if all our problems were presented to
us in a nice format where we could
solve them easily. But we live in a
world of words, Mathematicians need
to translate words into equations
before they can solve their problems.

Here is a problem in words. We will

Example 1:

The sum of three numbers is 26,
Twice the first minus the second is 2
less than the third. The third is the
sacond minus 3 times the first, Find
the numbers.

¥ = 1% number
y = 2™ number
z = 3™ number

translate it into symbols and then
solve it.

ALG2031-04
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We have three variable, so we will Mow we have a system of three

naed threa equations; equations:
x+y+z=26
The sum of three numbers is 26: 2x-y=z-2
s+y+z=26 zZ=y-3x

Twice the first minus the second is 2
less than the third.

First, rearrange the terms so that all
three terms are lined up.

2n-y=z-2
X+y+7z=26
The third is the second minus 3 2x-y-z=-2
times the first, A +y-z=0
Z=y-3x
=2 B
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Now, use elimination twice to reduce
this equation down to two equations
and two unknowns, Let's begin by
eliminating x. We can dao this by
multiplying the first equation by -2 and

ALG2031-06
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We used eguation 1 and 2 to
eliminate x. Let's now use equations
1 and 3 to eliminate x.

Multiply the top equation by 3 and
add the first and third equations

Lecture 31: Page 7

So, now we have a system of two
aquations and two unknowns:

=3y -3z =-54

{43; +2z=78

We can use elimination to salve this
systam as well. Let's eliminate z by
multiplying the top equation by 2 and
the bottom eguation by 3:

21-3y-3z=-54 By-6z=-108
3{4.’,+22=73 12y + 6z = 234
By =126
¥ =21

adding the first two equations together: together
3| x+y+z=26
2| x+y+7=786 2x-y-z2=-2
2r-y-z=-2 dx+ry-z=10
Axt+y-z=0
dx+3y+3z=78
2x-2y-2z=-52 -3x +y - z=0
2n-y-z=-2 4y +2z =78
-3y -3z=-54
B B
ALG2031-07 ALG2031-08
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Eliminating y:
4 -3y -3z =-54
3y +2z=78

-12y - 122 = -216
12y + 6z = 234

-Gz =18
zZ=-3

Mow we know that vy = 21 and z = -3.

EK
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Mow we can solve for x by using any
one of the 3 original equations.
Let'susex +y+z =26 and
substitute y =21,z = -3,
X+y+z=26
X+ 21-3=26
x+18=26
x=8

So our solution is:
(8, 21, -3)
Gofromadx3toaZxZtoalx,
and then substitute back.

EK
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First translate the word problem into
symbols. If there are 3 equations and
3 unknowns, turm them into 2
equation and 2 unknowns, and then
into 1 equation with 1 unknown using
the process of elimination, and then
substitute back to find the remaining
unknowns,

EK
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Lecture 32: Consistent and Dependent
Systems

We have been spending a lot of time
talking about how you solve systems.
There is one more thing about
systems of equations that is important
to understand.

Example 1. Solve this system of

ALG2032-02
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Let's begin by eliminating the x's by
multiplying the top equation by 3 and
the bottom equation by -2

18x + 24y = 36
-18x - 24y = -4

0 =32 This is never true.

Lecture 32; Page 3

Mo matter what x and y equal, this
equation will never be true, We have
two lines. All we are trying to find out
iz where these two lines cross. We
are looking for the point that is on both
lines. How can it be that we have no
solutions? These lines must be
parallel to each other,

If we were to graph these two lines,
we would se that they are actually
parallel lines.

These two equations are inconsistent.
E

equations; When we eliminated x, we also
Gy + 8y =12 eliminated y! We've never seen
{Qx +12y =2 this before.
3( Bx+8y=12
-2 {gx +12y =2
0=32
EB EB
ALG2032-03 ALG2032-04
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Inconsistent means that there is no
solution. There isn't a single point of
intersection between these two lines
because they are parallel.

Example 2: Solve this system of
equations: 2x + 4y =10

%ax + 6y =15

Let's eliminate x by multiplying the
top equation by 3 and the bottom
equation by -2.

3 l2x+4y =10
-2 {Bx + By = 15
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Gx + 12y =30
Bx - 12y = =30
0=0

Once again where we eliminated x,
we also eliminated y.

This statement is always true. Mo
matter what the values of x and vy are,
this statement is always true. This
time, any ordered pair that makes the
first equation true, will also make the
second equation true,

ALG2032-06
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There is an infinite number of
solutions. How can this be?

How can both lines intersect in an
infinite number of paints? Both
equations represent the same line.
Instead of having parallel lines, we
have two lines right on top of each

other, or the samelin7 2% + 4y =10
Jx+ 6By =15

These two equations are equivalent;
they are two different equations for
the same lina,

These two equations are dependent.

ALG2032-07
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Dependent means that there are an
infinite number of solutions.

So, when you are looking at a system,
there are basically three things that can
happen:

Consistent (with at least 1 solution)
1) with 1 solution (independent)
(lines intersect at 1 point)
2) with == solutions (dependent)
(lines are equivalent — the same)
3) Inconsistent — no solution
(lines are parallel)

ALG2032-08
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Usually we work with independent
consistent systems of equations. But
it is good to know these other two
cases (when the lines are the same
to parallel) since they do come up
once in a while.

78



Lecture 33 Notes

ALG2033-01

Lecture 33: Systems of Inequalities

If you're given an eguation like
2x + 3y = 6, how many solutions does
this equation have? It has an infinite
number of solutions. Each solution is
a point on this line.

Examples of points satisfying this
equation are:
(3.0)

(0. 2) \\

ALG2033-02
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Let's take a point that is not on line.
First, let's take a point above the line,
(5. 2} for example,
\\ *(5,2)

N2 +3y=6

Let's put this point into our equation:
2+ 3y =6
2(2)+ 32} =16+ 6

EB

ALG2033-03
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If we had calculated 6 instead of 16,
the point would have been on the line.
Instead, we got an answer bigger than 6.
Now let's take a point on the other side
of the line, like (2, -3)

R

2%+ 3y =8

*(2,-3)

Let's put this point into our equation:
2x+3y=6

202)+3(-3)=-5#6

ALG2033-04
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This time we are getting an answer
less than 6. Again, if we had gotten
6, our paint would be on the line,

This line defines three sets of points
- All points above the line
- All points on the line
- All points below the line

All the points above the line ara
2x+3y>6 {ory>-2x+2

All the points below the line are
25+ 3y <6, {ory{-§x+2}
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So the line 2x + 3y = 6 divides our
coordinate system into 3 parts:
¥ = -%x + 2 (top half-plane)

y = -2x + 2 (the line itself)

ALG2033-06
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Suppose we have two or more
inequalities.
Example 1: Solve this system;
dx -4y =12
{Ex + 3y =18
This is a systam of inequalities,

Find all the points that make both
inequalities true,

We take the intersection of these two
solutions sets.

3
y < -2x + 2 (bottom half-plane) The graph of this inequality is thal
g entire half of the plane. Everything
Lo above, but not on that line.
(y > -%x +2) The line is dotted to indicate that the
2x+3y=6 points on the line itself are not included.
\y = -%x *2) So, graphing an inequality is just a
matter of finding the line, and then
LA figuring aut which side of the line to
(y <-2Zx+2 shade.
3 e 5B
ALG2033-07 ALG2033-08
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The secret here is to do one
inequality at a time, We want to
graph 3x - 4y = 12. We will start by
finding where 3x - 4y = 12, is and
then we will shade one side or the
other of that line,

Ix-dy = 12{0ry=§x—3)
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We will put this line in as a dotted line
because we know that we are looking
for points greater than 12.

How do you tell where you should
shade?

MNow that you have a line, test to see
where the ineguality is true.

The nicest point to use is the origin,
(0.0). (unless the origin is on your ling)

EB

Let's test the origin and see if it
makes this inequality true:
3x =4y =12

Substituting in the point (0,0):
3(0) - 4(0) % 12
0-0*12 False.

So, the origin is not part of our
solution set; it's on the wrong side of
the line. We will shade the other half
of that line.

EB

ALG2033-11
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7S
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This tima we will draw our line as a
solid line because we are looking for all
solutions less than or equal to 18, Isit
everything below or above this line?

<N

Here is the solution to the first
inequality. Now we are half done,

Mow we will start all over again using
the second ineguality 2x + 3y < 18,

First, figure out where 2x + 3y = 18 is.
This will be a line y = -%x + 8.
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Once again, let's test a point. Let's
choose the origin once more:
2x+ 3y =18
2(0) + 3(0) < 18
0+0=18
0<18 True

So this time, the origin worked. This
means that the origin is on the correct
side, and we'll shade in that half.

ALG2033-14
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Motice that there are 4 regions of
points.

1 - Points that make neither
inequality true.

2 - Points that make the first
ineqguality true, but not the second,

3 - Points that make the second
inequality true, but not the first,

4 - Points that make both
ineqgualities true.
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Every point that got shaded twice is
in the intersection of those two sets,
So, our solution set consists of all the
points that got shaded twice, region 4.
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This is how you solve a system of
inequalities; you just do it graphically.

You could solve any number of
inequalities in the same way. You
would just shade them one at a time
and then find that group of points that
got shaded every time.
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There is a branch of mathematics
that uses systems of inequalities
called linear programming. Thisis a
very valuable tool in business. Itis
used by airlines to determine how to
most efficiently schedule flights with
ever changing conditions. Linear
programming begins with the process
of solving a system of inequalities.
So this skill of solving a system of
inequalities could be a very important
tool to many people,
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Lecture 34:; Polynomials and Polynomial
Functions

Mow we are going to talk about
polynomials. This first lesson is going
to be a lot of terminology, words we
are going to be using throughout this
whole unit.

First of all, when we have sevearal
things added together, each “thing” is

called a term.
_+ _+_
\ /7~

. +
terms
nomial is synomous with terms.
Poly means many.

ALG2034-02
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Paolynomial means many terms. An
expression having many terms in it is
a polynomial,

What do palynomials look like?

Most of the time they have a
number, called the coefficient and
then a variable, often x, raised to
SOME pPower.

fx”
L coefficient

Sx’ o+ du® Gy + B
This is a polynomial having four terms,

CH
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5.4, -2, and & are the coefficients
% is the variable
7.5, and 2 are the exponants

The degree of each term is the
exponent.
-2x? is the second degree term.
4x* is the fifth degree term,
5x is the seventh degree term.
8 could be called the zero degree
term because it doesn't have any x's
in it at all,

ALG2034-04
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The degree of the polynomial is the
highest degree of all its terms.

5x7 + 4x® + -2x% + 8 is a seventh
degree polynomial, because 7 is the
largest exponent in this polynomial.

5x* is one-term polynomial. A one-
term polynomial is called a monomial.
{mono means one)

2%+ 3 is a two-term polynomial.
Two-term polynomials are called
binomials.

A three-term polynomial is called a
ki :

Sy +3x-7 trinomial
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Ve could continue this, howewver,
after we got past three terms they are
usually just called polynomials.

So, 5x* is a fourth degree monomial.
2x + 3 is a first degree binomial.
5x + 3x - T is a second degree
trinomial.

The largest exponent indicates the
degres of the polynomial,

Motice that in all of our examples,
the exponents have always been
non-negative whole numbers, A
polynomial isn't just anything that we
want to write down.

ALG2034-06
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{x is not a polynomial. This is not x
to some whole number power,

1 =x7is not a polynomial.

w2

Polynomials have only non-negative
exponents.

1 isnota polynomial.
X2+ Jx -7

Motice that the denominator is a
polynomial but once we place it in the
denominator, we don't have a
polynomial any longer.

ALG2034-07

Lecture 34: Page 7

Polynomials are very straight forward
kinds of functions. They always have
several terms with x to some positive,
whaole number power.

Suppose we have someathing like,
V3x5 + mx

This is a polynomial. Motice that x is
only raised to whole number power.
It's just that the coefficients are kind
of different; in this case they happen
to be irrational numbers,

ALG2034-08

Lecture 34: Page 8

The coefficients can be anything,
they can be positive, they can be
negative, they can be rational, they
can be irrational. But the key is the
variable. As long as it has a positive
whole number for an exponent, you
hawve a polynomial. Polynomials often
have many terms like this one:

25+ 5y - Tu” + 8

Itis true that we could write
polynomial terms in any order since
addition is commutative, however, it's a
lot easier on everybody if we all write
the terms using the same method for

ordering terms,
CH
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We always should write our
polynomials in decreasing powers.
Find the term with the biggest
exponent and list it first, followed by the
next highest, continuing in the same
manner, placing the constant last.
Tx5 4+ 65x3+2x+ 8

We will use this convention;

Always write your polynomials with
descending powers.

CH

ALG2034-10
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Once you have the terms in this order,
you can identify the leading coefficient
and the constant:

We always write polynomials like this:
STt o+ Exd + Zn+ B

leading coefficient constant

The leading coefficient is always the
coefficient of the highest degree term.

CH

ALG2034-11
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Example 1: Answer the following
questions about the polynomial
5x% - 7x2 + 3x:

A) Mame this polynomial.
It's a ninth degree Trinomial,
B) What is the leading coefficient?
5
C) What is the constant?
0; there is no constant,

This is a ninth degree trinomial with
a leading coefficient of 5 and a
constant of 0,

ALG2034-12
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Example 2. Answer the following
questions about the polynomial
2x2+ T

A) Mame this polynomial.
It's a second degree binomial.
B] What is the leading coefficient?
2
C) What is the constant?
T
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Example 3. Answer the following
questions about the polynomial
5x? + 3x% + 24x = T:

A) What is this?.
It's not a polynomial at all
because it has a \x term.

In our unit on polynomials, you aren't
going to have to worry about
Jx, 1,5*% these are not polynomials.
X

Polynomials only have non-negative,
whale number exponents,

CH
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Example 4: Answer the following
guestions about the polynomial
function

fix)=65x"+3x2+ 2% - T:

A) Namea the polynomial function,
This is a four term, third degree
polynomial.

B} What is the leading coefficient?

5
B) What is the constant?
-7

ALG2034-15
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We are going to be working with
polynomials a lot. We are going to
learn how to factor them and to solve
equations that involve polynomials.

There's a lot yet to learn about
palynomials!

87




Lecture 35 Notes

ALG2035-01

Lecture 35: Addition and Subtraction of
FPolynomials

Think of the number 23,
Let's rewrite it as
23=2-10+3
23 is equivalent to the binomial
2%+ 3, ifx =10,

5267 is very similar to the polynomial
Sx7 + 2x? +6x+7
Because, if x = 10
5+10%+2+102+6-10+7

ALG2035-02
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Our number system works much like
polynomials. A four digit number is
just like a four-term polynomial. This
is a good thing to keep in mind
because in this lesson we will be
adding and subtracting polynomials.

23 + 17 is just like adding
(2K +3) + {(1x+ T}
3x+10,ifx=10

Lecture 35; Page 3

Example 1: Add the following:
(5x%-Tx + B) + (12 + 2x? - 6x + 9)

Proceed by combining like terms.
17x3 + 2x%- 13x + 17

Adding palynomials is just a matter
of combining like terms.

Subtracting polynomials is just as
easy with ane little exception.

HNCE

= 5267 To add polynomials, you just
combine like terms.
ALG2035-03 ALG2035-04
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Example 2: Simplify the following;
(4x7- 3% + 2) - (5x%- Gx + 7)

Before combining like terms,
remember to distribute the minus sign
through the second polynomial:

4x2-3x +2 - 5x2+ 6x -7

MNow you are ready to combine like
terms. We end up with a second
degree trinomial with a leading
coefficient of -1.

2+ 3% -5

HCE
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Adding and Subtracting
polynomials is very straight forward;
it is just a matter of combining like
terms. Just remember that when
you're subtracting, you first need to
distribute the negative through the
second polynomial.

HCE
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Lecture 36: Multiplication of Polynomials

Multiplying Monomials
3x? .« By?

35 x%ex?

15x8

Remember to add the exponents.
204 (32 + 2+ 7)
6x5+ x5+ 14%9

24+ 1isalotlike 21
Ix + 2is alot like 32

(2% + 1) (3% + 2)

HCE

Lecture 36:; Page 2

Remember that multiplication is
commutative, so we can change the
arder around as follows:

d.5.m.y

Mow we can multiply the coefficients
and the x-terms separately:
{3-5)-(xZ-x%
15x5

HCE

ALG2036-03
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REemember to add the exponents!
What if only one of your polynomials
is a monomial,

Example 2; Multiply the following:
2xH3x2+ 2x + 7)

We just need to distribute the monomial

through the palynomial,
65 + 45 + 14x*

ALG2036-04

Lecture 36: Page 4

As long as we are talking about
monomials, multiplication is pretty
simple.

Let's take two binomials:
Example 2: Multiply the following:

(2% + 1)(3x + 2)

In our last lesson, we discussed how
polynomials are a lot like decimal
numbers

2x +1is alot like 21
3x + 2 is a lot like 32.

HCE

HCE
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So multiplying these polynamials
together should be a lot like multiplying
these two-digit numbers together,

21
32
42
B3
G672

This multiplication problem required
four multiplications, and then you add
to find your answer,

We are going to have the same result
heare when multiplying two binomials,

HCE

ALG2036-06
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There are several ways you can do

this problem.
Method 1: Vertical format
2% + 1
3% + 2

Multiply all four terms and then add:
2x + 1
Ix + 2
dx + 2
Bx? + 3x
GxZ + Tu+2
REemamber to line up the like terms
as shown above,

HCE

ALG2036-07
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Method 2: Horizontal format.
Distribute 2x + 1.

{2x + 1}(3x + 2)
(2% + 1)3x + (2x+ 1)2

Mow we have two distributive
property problem. The 3x needs to
get distributed and the 2 needs to get
distributed.

Bx2 + 3x + 4x + 2

Mow wea nead to combine like terms;
Bx? + T+ 2

HCE

ALG2036-08
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Method 3: FOIL

F = first terms
0 = gutside terms
| =inside terms
L = last terms
F oL
(2% + 1)(3x + 2)
—

F © © —
Brl+ dx + 3x + 2
BxZ+ T + 2

Vertical, Horizontal, or FOIL methods
will all work, FOIL is easy to remember.

HCE
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Example 2;: Multiply the following:
{5x2-3)2x2+ T)
L — |

10x% + 36%2 - Gx2 - 21
10x* + 29x%- 21
FOIL works great for a binomial

times a binomial. Sometimes,
however, you might have something
bigger, like a binomial times a
trinomial. Just keep in mind that a
binomial is just like a two digit
number, and a trinomial is just like a
three digit number,

HCE

ALG2036-10

Lecture 36: Fage 10

Example 4; Multiply the following:
{3x + 4)(x"+ 2x + 5)

This is just like
125
34

It requires 6 multiplication steps.
Some people like to work problems
like this sideways, Others like to do it
up and down.

We need to multiply all three of the
trinomial terms by 3x and all three of
the trinomial terms by 4,

HNCE

ALG2036-11
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Solving using the horizontal method.
{3+ 4)(x2+ 2% + 5)
3x3+ 6x2# 15x + 4x°+ 8x + 20
MNow combine like terms:
3x%+ 10x% + 23x + 20
Multiply using the vertical methad,
¥+ 2%+ 5
Ix +4
452+ 8x +20
3x%+ 6x%+ 15x
IxT+ 1082 + 23x + 20
It doesn't matter if you work it
sideways or up-and-down, you get
the same answer either way.

HNCE

ALG2036-12
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You would use a similar process no
matter how complex the polynomials
you are multiplying together happen
to be.

There are two shortouts that we
recommend you memaorize because
they'll save you a lot of time later on.

First recall from our earlier lessons
that

{y)"= x" y"
LALES i
(F) y"

But recall that (x + y)"# x" + y"!

HCE
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(A + B) £ A% + B?
(A +B)2 = (A + B)A + B)
This is a binomial times a binomial,
We can use FOIL to do this
multiplication:

AZ+ AB + AB + B2
(A +B)2=AZ+ 2AB + B?

This is what a binomial sguared
will always look like.

HCE

ALG2036-14
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(A-B)A-B)
AZ-AB - AB + B?
A? . 2AB + B?
{A-B)}A-B)=AZ-2AB + B?
(A + B)* = A? + 2AB + B?
{A-BFE=AZ-2AB +B*
Memorize these formulas.
Remember:
When you have a binomial squared:;
Square the first
Twice the product
Square the last
If you memaorize this little phrase, it will
help you remember these formulas.

HCE

ALG2036-15
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Example 5: Square the following
binomial.
{5x + 7P
= 25x2 + 70x% + 49

Example 6: Square the following
binomial.
{3xZ - Ty)2
= Ox*- 42x%y + 49y?

This is much quicker than FOIL. Itis
also faster than the vertical method,
It's really going to help us when we
start factoring.

HCE

ALG2036-16
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To square a binomial, remember:
Sguare the first
Twice the product
Square the last
There is one more formula that you
should memaorize: (A + B)(A -B)

A2 - E + pE - B2

Motice that the AB terms cancel
aach other out.
[(A +B)(A - B) = A - B?

AZ - B?is called the difference of two
squares.

HCE
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Remember this formula tool

Anytime you have (A + B}(A - B) you
are going to get the difference of two
squares, AZ - B2 This will make certain
problems very guick for you to multiply.

Example 6: Multiply these two binomials
(4% - 3)(4x + 3) = 16x2-9

You will want to be sure to memaorize
these three formulas:
(A+By=A%+2AB +B*
(A-By=A%-2AB + B?
(A +B)}A-B)=AZ-B2

HCE
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Lecture 37: Factoring

Here is a multiplication problem
2:3=6
In this problem you were given the

ALG2037-02

Lecture 37: Page 2

If we say that the product of our
multiplication problem is 24, you
might say that the factors are 2

Lecture 37: Page 3

6 also can be factored further:
24
g

M\,__u
o™

This is called the prime factorization
or tha complete factorization of 24,
You can’t break 24 down into more
reduced terms than this.

factors and asked to find the product. and 12:
Other times you were given the product ,?1\
and asked to find the factors: 212
;Ex
2 3 2 is a prime number, but 12 can be

This process of finding the factors is factored further;

called factoring 24
7 12
Sometimes you could factor further. Zf }3
=B EE
ALG2037-03 ALG2037-04

Lecture 37: Page 4

We are going to learn how to factor
polynomials in this lesson. You are
now experts at multiplying polynomials,

In this lesson we are going to be
looking at the product of the
multiplication problem and figuring out
what paolynomials were multiplied
together to arrive at this product. You
are going to be factoring polynomials.

Example 1: Factor 6x° + 3x.

This is the product of a multiplication
problem. You need to figure out what
two polynomials were multiplied
together to get this answer.
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Motice that both terms have a 3x.
We are going to use the distributive
property in reverse, undoing the
rultiplication. 3x must be the
monomial that is outside the
parentheses, Now all we need to
figure out is the binomial that was
inside the parentheses.

Divide by 3x: 6%% =2x 3% =1
Jx 3x
S0 Bx?+3=3x(2x+1)
You have factored this binomial into
a monomial time a binomial.

ALG2037-06

Lecture 37: Page 6
You can also do this in two steps:

6x2 + 3 = 3(2x? + x)
3x(2x + 1)

Y¥ou want to factor out as much as
you can. 3x is the greatest common
factar in this problem.

The first thing that you always want to
watch for when you factor a polynomial
is for a term that they all have in
common — the Greatest Commaon

Factor GCF.

ALG2037-07
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Example 2;: Factor 64x” - 1

These two terms don't have anything
in common. So that technigue of using
the distributive property doesn't help
us factor this polynomial.

Motice that it is the difference of two
squares, so it will reverse our formula
from the last lesson:

(A +B)A-B)=A*-B°

64x? - 1
= (8x)? -1¢
= (Bx+ 1)8Bx-1)

ALG2037-08

Lecture 37: Page 8
B4x? -1 =(8x + 1)(8Bx-1)

This binomial factors into two
binomials: one with a + sign, and one
with a - sign.

Watch for the difference of two
squares: You can recognize the
difference of two squares because

1. there is a minus sign betwaen the
two terms

2. both terms are perfect squares.
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Example 3: 49x% - 258

Motice that these are perfect squares
(7x*) - (5yh)*

To be the difference of two squares,
all variables must have even
axponents,

To be the difference of two squares,

1. there must be a minus sign

between the two terms,

2. both terms must be perfect

squares, and

3. the exponents must be even.
A40xE - 25y8 = (Tx® + 5y*){7x% - 51

ALG2037-10

Lecture 37: Fage 10

You can write these factors in either
order since multiplication is
commutative.

Watch for the difference of two squares!

Example 4: Factor Completely.
25x2 + 20x + 4

Is this the difference of two squares?
Mall This is a trinomial.

Do we have anything in commaon in
all three terms? Mo, we cannot use
our distributive property to factor
anything out.

ALG2037-11
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This does fit another pattern that
you've memorized:
square the first
twice the product
square the last.

This problem fits that pattern:
— the first term, 25x2, is (5x)°. A =5x
— the last term, 4, is (2% BE=2
— iz the middle term twice the product?
2(A - B)
2(5x+2)=2{10x) = 20x  Yas!

ALG2037-12
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25x2+ 20X+ 4
(5x)2 + 2(2 « 5x) + 22

This is a binomial squared, having
the form (A + B)°.

25x2 + 20x + 4 = (5x + 22

Recognizing these will save you lots
of time.
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Example 5; Factor completely.
36x7 - 12x + 1

Does it fit the pattern of a binomial
squared?
Is the first term squared? Yes A =6x
Is the last term squared? Yes, B =1
Do we have twice the product in the
middle? 2(6x){1)=12x We need -12x
so whatif B =-17 B2 s still + 1
2(Bx)-1)=-12x ves
Thus,
36x7 - 12x + 1= (Bx-1)°

ALG2037-14
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The trinomial has to fit this pattern to
be a binomial sguared. If the middle
term is not twice the product, we
couldn't do the problem in this way.
As long as you have twice the product
in the middle, and squared terms on
the ends, we know that we have
binomials sguared.

There is another procedure for
factoring polynomials that don't fit
these patterns.

ALG2037-15
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Example 6: Factor Completely
x2-2%-8

This is not the difference of two
squares. There is not a GCF that we
can factor out using the distributive
property. It's not a binomial squared,
the last term isn't a perfect square.
This problem doesn't fit any of the
patterns or formats that we have
talked about so far, but it is a
trinomial. A trinomial can quite often
be factored as two binomials
multiplied together, What we are
going to do is FOIL in reverse,

ALG2037-16
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If we had two binomials, we would
FOIL them, but this is the product of
the FOIL problem and we need to
figure out the ariginal binomial factors.

We know that x? came from
multiplying the first terms together:

F L
¥t -2x-8
(x Jx )

All we have to do now is figure out
the last terms. We know that the
product of the two last terms is -8,
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There are lots of ways to get -8.
-1+8
1--8
2.4
2.4

There are four different ways to get -8,

ALG2037-18
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Let's try this first combination:

(%=1)x+8)
X

Bx

This would give us a middle term of
Tx, not -2x. Thus, these are not the
correct factors of -B to use to factor

Lecture 37: Page 19
Let's try 1 and -8:

{x=8)x+1)

| & |
1x

Mow we get -7x as our middle term.
This is still not carrect. This is a trial-
and-error process. You just go
through the list until you find the one
that works.

The key to this whole problem is the this trinomial,
middle term.
Femember that the middle term is the
outside and the inside terms combined.
ALG2037-19 ALG2037-20
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Let's try 2 and -4;

(x - )0

-4x
2%

>

+2)

This time we get -2x in the middle.
This is what we're looking for.
Thus,
W-o2x-8=(x-4)x+2)
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Trial and efror works, but sometimes
it is time consuming. In our next
lesson, you will learn about a
procedure that has been developed
recently that is a little more straight-
forward. For simple trinomials,
however, trial and error isn’t too bad.

To factor,

1.

. Is it the difference of two squares so

Look far the distributive property.
Da our terms have anything in
common? (GCF)

we can use AZ- B< = (A + B){A - B)?

EB

ALG2037-22
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3. Ifit's a trinomial, does it fit the
pattern:

- Square the first

- Twice the product

- Square the last

If it does, you can write down your
answer as (A + B or (A -B)2

Ifit's a trinomial but it's not from a
binomial squared, then do FOIL in
reverse, trial and arror.
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Lecture 38: The Big X Method of Factoring

This is a four-term polynomial;
X -x2 4 2% -2
How should we factor this polynomial?

You cannot use the FOIL method.
It's not the difference of two squares.,
It's not a binomial squared.

And the four terms don't have
anything in common.

The procedure for this problem is
called factoring by grouping.

ALG2038-02
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If we group the first two together,
notice that they have an x? term in
commaon:

¥ -wZ 22
—
3% - 1)
Mow let's group the last two terms
together. They have a 2 in comman.
Wonl+Ix-2
— et
X2k = 1)+ 2{x -1}
We have not factored this polynomial
yet, Because of our order of
oparation, we have one product plus
another product. We want to have two
groups multiplied, not added, together.
EE

ALG2038-03
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Motice that both terms have an (x - 1)
in therm.
*2x-1)+2(x-1)

We can use the distribute property
again, taking out the (x - 1) term, this
leaves (x? + 2)

Thus (x - 1){(x% + 2)

%% - x? + 2x - 2 factored by grouping
fives us (x - 1)(x% + 2).

Both if these two factors are factored
completely,

ALG2038-04
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We are going to use this idea in the
Big X method.

This is a step-by-step procedure that
will allow you to faclor some harder
trinomials.

Example 1: Factor using the Big
A method.
Gx?-x-2

1. Draw a big X.
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Bx? - x -2

2. Take outside numbers, multiply
together and put in bottorm.

3. Put middle coefficient on top.
-1

=12

ALG2038-06
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4. Think of all the ways you can get
-12 and write them down.
-1412
1.-12
=2+6
2.6
34
3.4
5. Look at these combinations and
add them together. Figure out which
of them add up to the number on the
top of your x {in this case, -1).

ALG2038-07

Lecture 38: Page ¥

.12

-1 1.-12
2.6
2.6

-12 234

3 and -4 add up to -1.

So the combination that we need
is 3, -4
6. These go in the laft and right
positions of the X,

ALG2038-08
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7. Split the middle term.
Our prablem, again is
Bt -x-2

Right now the middle term is -x, We
have figured out, however, that -x is
the same as 3x + (-4x).

So, we will rewrite the problem as
follows:  Bx® + 3x-4dx -2
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We split the middle term. (We split
it this way because these were the
fwo terms that gave us -x.)

8. Now factor by grouping.
Bx? + 3x -4x -2

Group the first two terms together

and see what they have in commaon:
3x(2x+ 1)

Then group the last two terms
together:

B2 + 3x-4x -2
In(2x +1)-2(2x + 1)

ALG2038-10
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3x(2x + 1) - 2(2x + 1)
Factor out common term.
(2x + 1)(3x% - 2)

You could have gotten this answer
by trial and error, however, with these
combinations, it might take you a lot
longer to find it.

The Big X method will always give
you the right answer if one exists.
Mot every polynomial is factorable,

Lecture 38: Page 11

When using the Big X method, we
would be able to recognize a
non-factorable polynomial when we
write our list. If none of the factors,
when added together, add up to the
top number, we would know that we
were dealing with a prime polynomial.

Both terms now have a (2= + 1) however,
factor,
ALG2038-11 ALG2038-12

Lecture 38: Page 12

Many students find the Big X Method
of Factoring to be much easier than
using FOIL in reversa,

Example 2: Factor using the Big X

Method,
20x%-23x +6
1120
-1+-120 It must be
= 2+60 | negative
-3.-40 \ pairs if
-4 - -30 we're going
120 -5 .24 to get -23
20-6 -6+ =20 for a sum.
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If you cannot find a combination that
works, then you know your polynomial

20x? - Bx - 15x+ 6 is prime.
Adx(Sx =2) = 3(5x - 2} Example 3; Factor using the
(5x - 2)(4x - 3) Big X Method
12x%% - 17X + B
Or notice we can split it this way: -1 .72

-2 - -36 again it must
-3--24 be a pair of
-4 «-18 | negatives to
H+-12 | get-17
[8--9]

We get the same result. 12%% - Bx - O + 6

Ax(3x - 2] - 3(3x - 2)

{3x - 2)(dx - 3)

20x2 - 15%-8x+ 6
Sx(dx -3) - 2(4x - 3)
(4x - 3)(5x - 2)

EE EE
ALG2038-15 ALG2038-16
Lecture 38: Page 15 Lecture 38: Page 16
Example 4: Factor using the
Big X Method. If you go through every possibility
21x?+ 37x + 12 and none of them add up to the
1252 middle term, you have a prime
ar 2+126 polynomial, but be sure to look at all
3 -84 We only the possible factors first!
28 A8 6 .42 need positive
252 736 pairs to get a
sum of 37
12 « 21
1418
21%% + 28x + 9 + 12
Tu(3x + 4) + 3(3x + 4)
(3x +4)(Tx + 3)
EE EE
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ALG2039-01

Lecture 3%: Solving Equations by
Factoring

In earlier lectures we talked about
some pretty complicated equations
and solved for x.
Jx-5)+T7=4(x+3)-8

How can we solve for x7
¥+ 3x-28=10
{ IR | 1=0

a-b=0meanseithera=0 orb=0

How do we factor? It depends on the

ALG2039-02

Lecture 3%; Page 2
¥2+ 3w -28=10
This is a second degree trinomial.
How are you going to get x by itself?
This is one reason why we've
learned to factor polynomials,
If we can take this eguation and put
it into the forma -b =0,
{ =0
a b
eithera=00orb=0.
If we can turn this addition problem
(x? + 3x - 28) into a multiplication
problem (a « b) we can split this

Lecture 3%; Page 3

How do we factor? It depends on
the polynomial. Here's a list of all the
factoring that we've learned. You'll
want to choose a method from these
possibilities;

« difference of two squares

= a perfect binomial squared.

* the reverse of FOIL

* the Big X method

= factor by grouping

« factor out a common factor,
Whichever method you choose, make
sure you have the equation = 0. You
must have 0 on one side.

polynomial polynomial into two litlle, easy
equations.
ALG2039-03 ALG2039-04

EK

Lecture 3%: Page 4

¥ +3x-28=10
Easy to use reverse of FOIL
(x+7)x=-4)=0
Once you get the polynomial

factored, either the first factor equals
zero or the second factor equals zero.

x+7=0 or x-4=0

=-7 x=4

Our equation has twa solutions -7
and 4.

EK
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ALG2039-05

Lecture 39: Page 5
Let's test our answers to see if they
are correct:
(4)F + 3(4) - 28
=16 + 12 - 28 = 0 works
(-7)2 + 3(-7) - 28
=49 -21-28 = 0 works

Therefore -7 and 4 are the two
solutions to this equation.

Since not every polynomial is
factorable, this method isn't going to
work all the time. If we have a prime
polynamial, we do not yet know how
to solve it. As long as we can factor,
we will be able to solve these kinds
of equations,

EK

ALG2039-06

Lecture 39: Page 6

Example 1: Solve for x
Iyt + Ox=10

Begin by factoring. Motice that both
terms have a factor of 3x;

Jx(x+3)=0
3 =0 or x+3=0
3 3
x=0 Xx=-3

This equation has two solutions.

Mot all polynomials have fwo
different sclutions. You might get the
same solution twice for one equation.

ALG2039-07

Lecture 3%; Page 7

Example 2. Solve for x.
X2+ dy =4

Motice that this time, the right-hand
side of this equation does not equal 0.
We need the right-hand side to be
zero because this process only works
when a=b=0. Justadd 4 to both
sides, making the right-hand side be
Zero.

EK

ALG2039-08

Lecture 39; Page 8

¥+ dy = -4
+4 +d
Wedn+4=0

Always make one side of your
equation be 0 first! Then factor. This
is a binomial sguared.

(x+27¢=0
x+2=0
X =-2

In this case there is only one solution
since x + 2 is the factor twice,

EK
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ALG2039-09

Lecture 39; Page 9
Example 3. Solve for x.
25x7 = 81
Begin by making the right-hand
side zero by subtracting 81 from

both sides.
25x2-81=0
Matice that this is the difference of
two squares.

(5% - 9)(5% +9) =0
5x-9=0 or Sx+9=0

k=9 Sx=-9
x=9 x=92
5 5

Factoring allows us to solve all
factorable equations,

EK
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ALG2040-01

Lecture 40: Multiplying and Simplifying
Rational Expressions

We are now beginning a new unit on
rational expressions.

The word “rational” has the word
“ratia” in it, and a ratio is a fraction.

So if you are good at fractions, you'll
be good at rational expressions.

We will begin by reviewing fractions
just a little bit.

First of all if you have a fraction like
%, you will never want to leave your
fraction this way, because this fraction
is not reduced to lowest terms.

ALG2040-02

Lecture 40: Page 2

The key to reducing is factoring.

§ = E'S = E
g Z.4 4
We have a common factor of 2 in
bath the numerator and the
denominator. If we cancel these 2's,

we have reduced our fraction to
lowest tarms,

Let's keep that in mind: if we have a
fraction, we will factor the top and the
bottom to see if there are any
common factors that we can cancel
out to reduce our fraction.

ALG2040-03

Lecture 40; Page 3

Suppose we have a multiplication
problem with fractions.
3.16
4 17
There are two ways fo do this problem.
1. We can multiply the numbers
together and then reduce, or
2. We can reduce and then multiply.

If we reduce before we multiply, we

won't have to reduce later.
3-18% 12

& 17 17

ALG2040-04

Lecture 40: Page 4

We reduce by canceling out
common factors that appear in both
the number and the denominator,

Recall how we divide fractions:
1+2=1.3
2 3 2 2

We could cancel out commaon
factors if there were any, but there

aren't any in this particular case.
3 =3

ll
2 2 4

Keep these things in mind,
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ALG2040-05

Lecture 40; Page 5

Mow we will look at fractions having
numerators and denominators
containing variable expressions.

That's where this idea of rational
expressions cames from,

Example 1: Simplify this rational

EXpression:
¥+ X
x> + %2

Motice that this is a fraction. We'd
like to be able to reduce this fraction.
Again, the key is factoring.

¥y — Xx-+1)
Wi 4 g2 xil[x + 1)

5R

ALG2040-06

Lecture 40; Page &

By doing this factoring, notice that we
do have some common factors:

XesAT
PRy

XN =
3 2

1
X

In order o reduce, you must cancel
factors. You can never cancel parts of
sums or differences, Factor first. Then
you may cancel factors,

ALG2040-07

Lecture 40; Page 7

Example 2: Simplify
X +5x+6
XX +Bx+8
Carefull We can only cancel
common factors! Factors are things
that are multiplied together!
Focus of the numerator first, and see
how you can factor it
¥2+5x+6=(x+3)x+2)

Then do the same thing with the
denominator,
¥+ Bx+B=(x+4)x+2)

ALG2040-08

Lecture 40; Page 8

Motice that we have a common
factor of {x + 2) in both the numerator
and the denominator;

X A+Ex+6 = (x*3)x+2) = x+3
¥ +Bx+8  (x+4){x+2) x+4

We have simplified a rational
expression made up of frinomials into
a more simple expression made up of
binomials. Factoring made it happen.
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ALG2040-09

Lecture 40; Page 9
Example 3: Simplify

1 . x?-dx+4
x -4 3

Let's see if we can reduce before

multiplying by factoring;
1 . xZ-4x+4

®< - 4 3
= 1 . (x-2F
(x+2)(x—27 3
= X%X-2 - x-2

3x+2) 3x+6

You could multiply out the
denominatar or leave it in factored form.

]

ALG2040-10

Lecture 40; Fage 10
Example 4. Simplify
WK 4 X+ X
x-x-12 x?-16
= x2+2x . x*-16
x-x-12 xi+x
xx+2) . (x—Afix+4)
(E—4J(x + 3) a{x + 1)
=x+2)x+4) - x?+6x+8
(x+3)x+1) xT+4x+3

You can multiply out your answer or
leave it in factored form.

Variable fractions (that have
variables like x in them) work just like
regular fractions and the key to all of
this is factoring.
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ALG2041-01

Lecture 41: Addition and Subtraction of
Rational Expressions

*"rﬁr:n

Common denominator is 12
« 3 because of factoring. (LCD)

P& |
[ %]

2

Look at each prime factor and see

whera each one occurs the most
22.3=12

12 is the common denominator.

Suppose our denominators were as

ALG2041-02

Lecture 41; Page 2

Common denominator would be:
22.3.52=300

To add these two fractions, we
must turn both denominators into the
same number, then add.

(e 5)" %

i+5 =14=2'?=?

12 12 12 Z-6 6

Lecture 41: Page 3

Example 1:
2% 4+ 1 = 2x+1
xZ-yz  x2.yl X2 . 2
Example 2:
2% + 1
¥2-y? ®-y
2% + 1

(x-yix+y) x-y
Common denominator is
(= y)x+y)
We must multiply the fraction on
the right by (X *¥)

(x + v}

AE

follows: Improper fractions are okay. Just
+ remamber to reduce them!
2+3+5 27.3.5
ALG2041-03 ALG2041-04

Lecture 41: Page 4

2% + 1 (x+vy)
(x-ylix+y) (x-y) (x+y)
= 2R+ R+Y = Jx+y
(x-ylx+y)  (x-y)x+y)
Example 3.
Mow lets do a subtraction problem:
2% . 5x

(x-8){x+3) (x-4)x+3)

First, find the common denominator
(x - S)(x + I)(x - 4)

AE
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ALG2041-05
Lecture 41: Page 5

2% - b
(x-5)(x+3) (x-4)x+3)

(x-4)  2x - Bx (x-5)
(-4)x - 5)x + 3) (x-4){x+ 3)x-5)

Z%° - B - Bx® + 26% = Ak + 1Tx
{x-5)x+3)ix-4) (x-5)x+ 3)x-4)

AE
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ALG2042-01

Lecture 42: Complex Rational Expressions

This is complex fraction. (a fraction
made up of fractions)

1
1+Y

Use your order of operations.
1. Simplify the numerator
2. Simplify the denominator
3. Divide

=1-3

ALG2042-02

Lecture 42: Page 2

x+1 - % /multiply by the

® x* -1 i 2 -
reciprocal of X -1
e .
Kt 1 ) AT

= x
=1

(factor x% - 1)

(cancel factors)

=1-3
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Lecture 43: Division of Polynomials

We are going to go back and revisit
polynomials. In this lecture, we will
discuss how to divide polynomials.

Bxd + 4x3 - Ix?
2x?
This is very simple because of the
distributive property with a monamial.

Bx7 4w 29

2x2 2?2

3+ 2% - 1

=1-3

ALG2043-02

Lecture 43: Page 2

This was division by 2 monomial.
To divide by a polynomial, we are
going to use a long division method.

20
21)4381
42

18

We are going to do the same thing
with polynomials.

dyd + 22 -Tx - 8
¥-5

=1-3

ALG2043-03

Lecture 43: Page 3

%5 )d4x° + 2x% - Tx - 8

First divide 4%° = 4x?
r_“_/
Ay2
¥-5)4x7 + 2x7 -Tx -8
-(4x% - 2082 |

/ 22%2 - Tx

remeambear fo subtract!

next 222 = 22%
X

=1-3

ALG2043-04

Lecture 43: Page 4

4x2 + 22x + 103 <«—Qquotient
%-5 )4x? + 2x? - Tx - 8 <= dividend
di\"isglr' {433 - 20x%)
22%2-Tx
-(22%2 - 110%)
103x -8
{(103x - 515)
507

I

remainder

=1-3

114



Lecture 43 Notes, Continued

ALG2043-05 ALG2043-06
Lecture 43: Fage 5 Lecture 43: FPage B
Example: We could have worked the
problem a different way by using
x*-9 factoring:
x-3
Be sure fo line everything up. Fillin x2-9 = (x+3)0x-3) —x43
any missing terms with 0. x-4 (-2
w3 It's the same answer as our
%-3 )2+ 0x - 9 guotient when we did long division.
(%% - 3x)
3x-9
-(3x - 9)
0
The remainder is 0. x? - 9 has two
factors, x - 3, x + 3.
=1:3 =1:3
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ALG2044-01

Lecture 44: Synthetic Division

This long division problem is rather
tedious., We will talk about a
method that is much simpler,

3x% + 4x + 15
X -2)3::3 «2x2 + Tx -4
3x? - Bx?
4x* + Tx
4%2 - 8x
16x-4
15w - 30
26 Remainder

(R)

Quotient ()

AE

ALG2044-02

Lecture 44; Page 2

Synthetic Division is the shortout,
as long as the divisor is a binomial of

degree 1 and its coefficient for the x
term is 1.

3% = 2x%% + Tx - 4 & coefficient

K=2 in order
i )
2)3 2 7 -4
6 8 30
3 4 15 26

coefficients of & R

Bring down the 1% number, then
just multiply and add.

ABE

ALG2044-03

Lecture 44; Page 3

Cuotient: 3x? + 4x + 15
Remainder: 26

If the divisor is:

x-7 T)
x+4 -4)
x-#  #)

AE

ALG2044-04

Lecture 44: Page 4

Ext + 3x7 - 2x7 - B + 1
x-3

We can use synthetic division only
when we're dividing by a binomial,
® & a number,

3)5 3 -2 6 1
15 54 156 450
5 18 52 150 451
The answer:
Quotient = 5x* + 18x2 + 62x% + 150
R =451
Multiply and Add

AE
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ALG2044-05

Lecture 44; Page 5

xt-27
x=3

Be sure to write your dividend in

arder; if thera are missing terms,
fill in zeros.

3)1 0 0 -27
3 8 27
138 0

x*-27 =32+ 3x + 9
Xx-3

AR
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ALG2045-01

Lecture 45: Solving Rational Equations

Eardier in this course, we talked
about problems like this:

(1+1_)= 5
3 2 5]

First, multiply by the common
denominator to clear all the fractions.

a(iﬂ_ =5.8
3 2) 6

ALG2045-02

Lecture 45: Page 2

Mow let's work with rational equations
with variables in the denominator,
X+ 2 =6 (x=0)
X

Mulliply both sides by the LCD (x)
x(}c + %) = (-6)x

x? + 5 = -Bx
x2 + By + 5 =0 get 0 on one side

Lecture 45: Page 3

Rate of stream = 3 mph

»l« By boat, we travel upstream 4
miles. Then we go downstream
10 miles in the same amount of
time.

Whatis the speed of the boat if we
were in still water? (x = boat speed)

d r t

i
d=rt up 4 X—Sﬂ
_ 10
d?—t down |10 3+xx+3

If the times are equal; 4_3 = _10_

2¢+3=5 and this is very (x - 58){x-1)=0factar
Zx=2 easy to solve the ¥x+5=00orx+1=0
x=1 rest of the way. =-5, -1
ALG2045-03 ALG2045-04

=1-3

Lecture 45: Fage 4

To solve, multiply by the common
denominator:
(x + 3)(x - 3)
(x~3Nx+3) 4 =10 (x-3)x=37
T R

4x + 12 =10x - 30
-Ax -4 ¥
12 =6x - 30
42 = Gx
=X
The boats speed is 7 mph in still water,
The boat goes slower upstream
{7 - 3 =4 mph) and faster downstream
(7 + 3 =10 mph).

=1-3
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ALG2046-01 ALG2046-02
Lecture 46; Formulas Lecture 46; Page 2
In electronics we deal with Let's solve this equation for r,.
transistors and resistors and things
like that, =1+ 1

1=1
R n (@
Resistors in series,

AN AN R=r+r, Find the common denominator

I ry and solve. The common denominator
is Rr,r,.
Resistors in parallel,

r -
1 Rr1r2('|_) = (:_+r1_) Rr,r,
S S R\
R M2 I, =Rr, + Rr,

M3

HE HE

ALG2046-03

Lecture 46; Page 3

Since we are solving for r, we
want to get all the r, terms together.

r.r,=Rr, + Rr
-Rr, -Rr,
ryf; - Rr, = Rry

MNext factor out the r,:

r{r, - R} = Rr,
.= Rr,
r,-R

HE
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ALG2047-01

Lecture 47: Radical Expressions

We are going to continue on our
guest to solve any equation that

ALG2047-02

Lecture 47: Page 2

There is another way to solve this
equation; take the square root of

Lecture 47: Page 3

12=1  72=49 )

22=4  §2=64

32=9 92=81 » Perfect
42=16 102=100 | Squares
52=25

B2 = 36 y

If ¥49 = 7, then we can solve:

® =48 x° = B4
Xx=+9  x=++64
X=+7 x=+8

HE

comes along. each side,
Y26=5
x2=25 because 5° = 25
¥2-25=0 The symbol W takes the principal
{x -S)x +5) (or positive) sguare root of the number.
¥-5=0orx+5=10
%=5,-5 The v gives you the positive root
only. So when you solve x2 = 25
sguare root each side, VxZ = 25
and remember the *. x=x V25
x=%5
HKE KE
ALG2047-03 ALG2047-04

Lecture 47: Page 4

The numbers between the perfect
squares also have square roots.

Look at 18,
Y16 =4
Y18 is between 4 and 5
V25 =5

Although we can't find a decimal
approximation for square roots like
18 without a calculator, notice that,

18=49.2
=9 .42
=32
This is called simplifying a radical,

HE

120



Lecture 47 Notes, Continued

ALG2047-05

Lecture 47: Page 5

Look inside the ¥ and see if there
are any perfect squares for factors
and if there are, take them out.

What is ¥8 ?
VB=()
(P =8
=8
B=2

So, if we solve x* =8

kS
x= 3
x=2

)

HE

ALG2047-06

Lecture 47; Page 6

-]3=4 h"n
23=38

P =27
43 = 4

5% =125
63=216

> Perfect Cubes

A

" Square root
4 Cube root
‘*1\"_ Fourth root
3 Fifth root

HE

ALG2047-07
Lecture 47; Page 7

ly=y

5:1‘:

e e

Definition:
—
W=y

means

y'=x

25 = 5 =— principal square root
V25 =-5
Soif x2 =25
X=%5
there are 2 solutions,

HE

ALG2047-08

Lecture 47; Page 8

What if we want to solve x* = 87
=2
¥ =2 butnotx=-2,
because {-2) = (-2){-2)(-2) = -8 not 8

So if;
=8 x*=.8
x= g x= I8
x=2 =-7

When we solve equations that
require taking odd roots (cube roots,
fifth roots, etc), we don’t have to
worry about + roots. There's just one
answer when we take an odd root,

HE
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ALG2047-09

Lecture 47: Page 8

Equations that require taking even
roots {square roots, fourth roots, etc)
will have 2 solutions ().

Even root:  x°=16
x=+ Y16
=2

Odd root: x%=32

x= 32
=2

If the equation has an even root,
there are 2 solutions.

If the equation has an odd root,
there is 1 solution.

HE

ALG2047-10
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V¥ =3
\7Z=7

V47 =4
W4y =6 =4

Remember that ¥ stands for the
positive square root.

W = | x |
W4y =14

HE
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ALG2048-01

Lecture 48; Multiplying and Simplifying

Vab 23 vb
Lets try it usinga=9,b =16
VB -16 29 16
144 249 16
12%3.4
12 =12 true

We have a little problem, though
with negatives.
What is ¥-47 There isn't one,
Vg =( )
{ P=-4
and there’s no number that works

AE

ALG2048-02

Lecture 48; Page 2

Meal number system.
Y36 =6
V)9
-4 +/-g This is not true.
Each is undefined with | numbers,

Vab=a+vbforaz0andb=0
VIE=V4.9=2.3=6

can break it into two factors, a and b,
as long as both aand b are = 0,
Simply V72 =v4.9.2

There is no such thing as V=4 in the

Every time we have a squre root, we

AE

ALG2048-03

Lecture 48: Page 3

Y4 .9 .2 =1 g2
2:-32
B2

T2 =+36.2
=36 42
=2

There is more than one way to
simplify this problem,

AE

ALG2048-04

Lecture 48; Page 4

Simplify: 75 =25+ 3
=253
= 5v3

Example: +98 = /492
98 = 742
AN
2 439

AR
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ALG2049-01

Lecture 49: Operations with Radical
Expressions

+Jab = vavh
The square root of a product is
equal to the product of the square
roots. We can use this property to
simplify square roots,

Y32 =16+ 2 = 16 « Y2 = 42

This is also frue for any other root.

AE

ALG2049-02

Lecture 49: Page 2

1
8 | perfect

27 »cubes
64
125
Simplify: V54x%y
b4

S
@ s
P
g 2
& B =32

Bty = Y27 - 2y
= Bﬂri‘_y

AE

ALG2049-03

Lecture 49: Page 3

This process works the same no
matter what the root is. This works
really nice for multiplication, but does
this waork for division?

.S%El,

n

pt

| &

=l
b
16 » V1

5 B
I
b i—||m

II=a

2=2  Yes!
3o, this property works with division,

AE

ALG2049-04

Lecture 49: Page 4
V80 _ B0 =\16=4
5 5

Does Va + b =a + b? Nol
We can't mix addition into this
property.
16+ 9216+ 9
V2524+3
5#F7

Ya+bz%a+"b
8 + 50
This is not equal to V58,

AE
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Lecture 49: Page 5

We can, however, simplify this:
V8 + 50
V4 2+425.2
= 242 + 542 These are like terms -
=742 now we can add them

Simplify and combine if you have like
terms.

V12 + 50
=43 +425.2
= 2+3 + 52 You cannot simplify this

further since V3 and vZ are not like
terms!

AE
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ALG2050-01

Lecture 50: Rational Mumbers as
Exponents

We are going to learn about a new
kind of an exponent.

HE

ALG2050-02

Lecture 50; PageZ

We can even have fractional
exponents,

What does x'"Z mean?

(92 =9
(/49)2 = 49

(Vx)2 = x

(MM = xmen

®M oy = M+

HE

ALG2050-03

Lecture 50: Page 3

What do fractional exponents mean?

{ytry2 Now we have the
power o a power,
(x12)2 =y But ()% = x

Thus, x¥2 = +x

This is a very important thing to
know. All root problems can be
turned into exponent problems.

HE

ALG2050-04

Lecture 50; Page 4

X2 = 4x
X115 = 3y

3241/5) = 2

Example:
X3 = (x4 = 43
or = [:Hh'd}:i - {ﬁ'; }3
When you see a fractional exponent;

- denominator tells you what the
root is.

- numerator tells you the power to
raise it to,

HE
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ALG2050-05 ALG2050-06

Lecture 50: Fage 5

xF’-‘lq = EI..IF = {%E]P
81'2=9

2723 = (272 = 32=9

16% = (Vi6)* =27 =8

Lecture 50: Page B

How do you do this?
3—
x = 3
Change to an exponant problam.
112, 4113

Add the exponents by getting a
commaon denominator (6) and simplify

Lecture 50: Page ¥
17
Y200

We can find this on our calculator by
entering it in as

20{)11’1?

200147}

We have now studied:
- positive exponents
- ZBro exponents
- negalive exponents
- fractional exponents

=1-3

Combining Fractional and nagative by adding.
expanents. M6 206
- xﬁllﬁ
3228= (@22 =22=1 =1 =% = ke
2 7 /)
or
= % = . 1 = 1_2 =1 We put our answer in root form
s o
32 (Vazp 2¢ 4 since this is what we started with.
3B 3B
ALG2050-07
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ALG2051-01

Lecture 51: Solving Radical Equations

The most important skill in Algebra
is the ability to solve eguations.
\Zx+5=7

Solve this equation.
Get the square root alone and then
square both sides.

ALG2051-02

Lecture 51;: Page 2

Checking:
1'2(22] +5=7
V49 = 7 checks

When you square both sides of an
equation, you have a little problem.
square both sides.

Lecture 51; Page 3

Anytime you square both sides of
an equation, be sure to check your

solution
¥=VK+7 +5

First get the square root alone,
isolate the square root.

X-5=x+7

Mow square both sides:
(x-52=(Yx+T7)
¥ -10x+25=x+7

AE

YZx+5=7 x = 2 has one solution

{(¥2x +5)7=(T7) (x)P? =x %° = 4 has two solutions; x could be

2x+ 5=49 20r-2,

2x =44 When you square both sides,

w=22 sometimes you get extraneous

answers (like -2, in this example)
AE AE

ALG2051-03 ALG2051-04
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MNow we need to solve this equation.
Motice that we have an x® and an x...
We want to get one side equal to
zero and factor,

- 10k +25=x+7
=X =1 i
¥ -11x+18=0
(x-9)x-2)=0
¥x-9=0o0rx-2=0
x=8or x=2

AE
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Lecture 51: Page 5

We think that we have 2 solutions,
but we need to go back to the very
first equation to find the correct
solution.

O0=40+7+5=416+5=4+5
9 is a solution

2=v2+7+5=Y0+5=3+5
2 s not a solution!

In this case, the only solution is 9.
2 is an extraneous solution.

AE

ALG2051-06
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Sometimes more than one answer
will check. Sometimes none of the
first solutions will check and you will
have no solutions,

Always remember;

When you square both sides of an
equation, checking is not an option,
it is a necessity.

AE
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Lecture 52: Imaginary and Complex
Mumbers
Something very strange

Here is an equation that we cannot
X2 = -1
x = £
()2=-1
There's no Meal solution
Mathematicians made up a solution

s0lve:

to this equation.
Definition: i = -1
i2 = -1

i = imaginary number

ALG2052-02
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Matural Numbers
Whole Numbers
Rational Numbers
Real Numbers
Complex Numbers

Complex

O

The set of fomplex numbers was
found to be useful in all kinds of
applications even through they were
just made up. Some people use
fomplex numbers in their occupations.

ALG2052-03
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Complex
G+ 5+ 2

By adding imaginary numbers to our
Heal Mumbers, we derive a new set
of numbers called Complex Numbers.

fomplex [ a + bi
numbers

ALG2052-04
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Every Complex number can be
written in this manner.

a + bi
by N
Heal imaginary
part part
5+Ti
5 = Meal part

7i = imaginary part

6
6 = Meal part
0i = imaginary part
6 is a pure Meal number,
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Every number has a Meal part and
an imaginary part
0+35i
0 = Weal part
5i = imaginary part
5iis a pure imaginary number,

Addition of Complex numbers
(3+20)+(5-Ti)
Combine like terms. Combine the
Meal parts and combine the imaginary
parts.
(3+2)+(5-Ti)=8-5i

TH

ALG2052-06
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Subtracting fomplex numbers

Example
(3+20)-(5-70)
3+2i-H+7i
-2 + 9
Multiplication of Complex numbers
(4 + 2i)(5 - 3i)

This is like multiplying binomials.

Use FOIL 20 -12i + 10i - 67

remember £ =-1 20 -12i + 10i - 6i(-1)
20-12i+10i+ &
26 - 2i

Multiply like we do with binomials,

but remember i# = -
™

ALG2052-07
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Division of fomplex numbers
Division by hand is kind of tough.
3+ 5i
2-]

We are looking for something in the
form = |

Every tomplex number has a
partner callad its conjugate.

The conjugate of
a + bi
is a - bi
The conjugate of 2 - iis 2 + .

ALG2052-08
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Multiply the numerator and the
denominator by the conjugate of the
denominator.

(3+5iM2+0) = B+ 3i+10i + 5

(2-1)(2 +1) 4-
6+13i-5 =1+13i =1 + 13
4-(-1) 5 5 5

ot

1+ 13j

5 &
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Mow you know how to work with
fomplex numbers

- Add — combine like terms

- Subtract — combine like terms

- Multiply — use FOIL, remembering

that i€ = -1

- Divide — multiplying top and bottom
by the conjugate of the
denominator, remembering
that i# = -1,
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Lecture 53: Introduction to Quadratic
Equations

Linear Equations
3x + 2 =10 First degree polynomial -

A Quadratic Equation has the form:;
axZ+hx+c=0

ALG2053-02

Lecture 53: Page 2

Example 1: ¥?-x-12=10
This is easy to solve because it can
be factored.
¥ -x-12=0
(x-4)x+3)=0
¥x-4=0o0rx+3=0

Lecture 53: Page 3

Example 2; x2=4
x=+%2

Example 3: x* =5

x=45
Example 4: (x+ 7 =16

We could solve this quadratic by
taking the square root of both sides.
x+7=+4
=-T+4
R=-T+4 -7-4
x=-3 -11

x=4ar X=-d
Suppose
a=1 Most of the time quadratic equations

= -1 have two solutions,

=-12 However, not every polynomial is
factorable. In this unit we will learn
how to solve any quadratic equation.

™ ™
ALG2053-03 ALG2053-04
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Let's check one of the solutions:

(11 + 72 =16
(-472 =16
16 = 16 +
Example 5:
{x + 52 =17
X+ 5=+17
x=-5+17

This is a great way to leave your
answer, but it means 2 solutions:
=-5+17,-5-17
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Example &:
2 -Bx+0=725

Motice the left side is a binomial
sguared.

(x-32=25
X-3=+5
x=3+5
x=8, -2

ALG2053-06
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Example 6: {worked differently)
¥-Bx-16=10

This trinomial does factor but what
would you do if it didn't factor?

Lets start by adding 16 to both sides,
Move the constant to the other side,

¥W-oBx+ =16

Mow we will choose a number to
force the left side into a binomial
square: x?-6x+9=16+2

{x-3)2=25

The second term of the { ) is half of

the b term.

ALG2053-07
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(x-3F =25

x-3=+5 x=3+5

x=48, -2

If we add a constant to one side, we
must also add a the same number to
the other sida.

This process is called completing the
square. We are forcing the trinomial
to be a perfect binomial square; we
are adding the constant term to both
sides, therefore completing the
square,

ALG2053-08
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Example ¥:
¥-10x-1=0

Complete the square
X -10x-1=0
¥ -10x+25=1+25
“(x-5)2=26
X-5=+126
x=5126

*The second term of the { )is
always half of the b term.
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What if the coefficient of x is odd?

Example 8:
Complete the square
X +3x-2=0

x2+3x+ 9 =2+9 =8+
4 4

a4
nx+12=
2

X+ 3
2

£ | 2

1]
14

1]
I+

i
4
7
4
7
2

ALG2053-10
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x=-3 & V17
2 2 Either answer is
W= 3 x \I'ﬁ mrre.ct
2

An even more serious concern is
when the leading coefficient is
samething other than 1,

Example 9:
2x*+4x-7T=0
2x2+4x =7

We need x leading coefficient of 1.
Divide both sides by 2.

Lecture 53: Page 11
Mext, complete the square.

Wl+2x+1=7 +1

2
(x+12=9
2
X+1=4%_ HE
2
x+1=% 3
VZ
x=-12 3
V2

*The second term of the { ) is half of xw+2x =7
the b term. 2
ALG2053-11 ALG2053-12
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If you have a coefficient ather than 1,
you need to divide by this coefficient
before completing the square.

What would happen if you have a
naegative number on the right side?
When you take the square root of
each side.

This will give us solutions that are
famplex.

Completing the square is very
important,

135



Lecture 54 Notes

ALG2054-01

Lecture 54: Using Quadratic Equations

In this lecture, we will look at some
word problems to see how we can

apply this math.
20 in.

160 in? | 14 in,

X

What is the width of the border?

ALG2054-02
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L o« W =A
(20 - 2x)(14 - 2x) = 160

Mow all we need to do is solve this
equation.

Let’s start by using FOIL
280 - 40% - 28x + 4x% = 160
4x? - 68x + 280 = 160

Lecture 54: Page 3

Mow, look to see if you can factor,
¥ -17x+30=10
(x-15)(x-2)=0

®¥=15 or x=2

Therefore, the width of the frame is
gither 15 inches or 2 inches.

If the width the frame is 14in, a
border of 15 in is not possible.
Throw this solution out,

¥ = 2 inches.
The border is 2 inches wide.

20 in. 4% - BBy + 120 =10
o Tx+30=0
2“'2”4 adlx| 140
- 14 -2x .
1601 A=LeW
X
ALG2054-03
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Lecture 55: The Quadratic Formula Lecture 55; Page 2

Quadratic formula;:

Solve by completing the square;
X+ 2x-1=0 x= b bF-dac
2a

XEA2x+1=1+1
Let's do the same problem using the

(x+1P2=2
X+ 1 =442 quadratic formula.
x=-1% 2 x2+2x-1=0
(a=1 bh=2 c=—1)
But there's another way to solve.
If you have a quadratic in the form x= 2% ""2; 'f“”'”

ax+hbx+c=0,
you can always use the quadratic 2448 =-2+2+2
2 2

formula to solve the eguation. First 5
.Z['1j: 2} =1t ﬁ

identify a, b, and c.

ALG2055-03 ALG2055-04
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The Quadrate formula (sung to the

Very little algebra is needed to use
tune of "Frara Jagua™)

the quadratic formula.

Minus b
(minus b)

Plus ar minus square root
{Plus or minus square root)
B squared minus d4ac
(B squared minus 4ac)
All over 2a
(All over 2a)

One way to memaorize this formula
is to sing a song. Sing it about fifty
or sixty times and you will know the
quadratic formula.
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Lecture 56: Solutions of Quadratics

When you are using the guadratic
formula, you often get fomplex
solutions,

J=i

Once you know -1, you know the
of any negative number.

ALG2056-02
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We can find the square root of any

negative number.
o discriminant

x = -b + yb? - dac
2a
Discriminant (D) = b2 - 4ac

if b°-4ac=0 — two Heal solutions

Lecture 56:; Page 3
2x2+3x-7=0

= -3+ 9 -42)(-7T)
4

x=2% 65 two Meal irrational
solutions.

Find out what kind of solutions you
will get. To do this, all you have to
do is calculate the discriminant,

D =b?-4ac
=9 -4(2)(-7)
=65
There are 2 Heal irrational solutions,

VET 17 if b?-4ac=0 — one Real solution
(16« {-1) JOATH-1) if b?-4ac =0 — two Complex
4i AT i solutions
ALG2056-03 ALG2056-04
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What kind of solutions does this

equation have?
X2+ 12x+36=0

D = 122 - 4{1){36)
= 144 - 144
=0

This eqguation has one Real rational
solution.

¥ = -12!\1_ =5
2
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What kind of solutions do we have?

2+ 3Ax+5=0

D =b?-4ac
=9-4{(2)5)=9-40
= =31

We have two fomplex solutions.
What are they?

3++/-31 = -3++31i = -3.+31i
4 4 4 4

ALG2056-06
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If you are asked to determine what
type of solutions you will get, just
evaluate the discriminant (D}

If D is positive and a perfect square
- you have 2 "Real Rational
solutions.

If D is positive and not a perfect
sguare - you have 2 Real Irrational
solutions.

If Dis0-youhave 1 Heal Rational
Solution.

lf [ is negative - you have 2
ctomplex Solutions,
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Lecture 57: Eguations Reducible to
Quadratic Form

-oOxf+B=10

Is this a quadratic equation? Mo,
We have a fourth degree polynomial—
guadratics are only second degras.

But we can turn it into a quadratic
equation using u-substitution. Let u = x*
¥ -0xZ+8=0

ALG2057-02
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We can now solve the quadratic
equation by:
Quadratic Formula
Completing the Square

Factoring
u'-9u+8=0
{u-8ju-11=0

u=28,1

Mow we must find x! If x2 = u,

Lecture 57: Page 3

If the equation is not a quadratic,
can we turn it into one? If the middle
term variable squared is the same as
the first term variable, then we can
turn the equation into a quadratic with
u substitution. Let u = the middle
term variable.

Example 1: ®x-3+x-4=0

We have a way of solving this by
isolating the square root, but notice
that this equation looks a lot like a
quadratic. (¥x )° = x

Middle term

variable

1%t term
variable

becomes u?-Bu+8=0 ¥ =8 w2 =1
since u = x? and u? = x*, % =+f8 x=+4T
Now we do have a quadratic equation. This equation has four solutions.
x=+242,£1
ALG2057-03 ALG2057-04
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We can turn it into a quadratic by
using u-substitution.
Letu=+x u?=x

x-34x-4=0

becomes
w-3u-4=0
(U-4)u+1)=0
u=4d or u=-1

MNow solve for x. If 4/x =,
i =4 or \fx =-1
x=16 (no ™ solution)
So x = 16 is the only solution.
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A% = -1is impossible because + —
the principle square root is always
positive,

u-substitution is a way we can
reduce many harder equations into
an easier quadratic equation,
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Lecture 58: Formulas and Problem
Solving

Let's talk a little more about formulas.

Let's turn this into an equation for r.

1
oy
53

ﬁ Al 2>
|

=1 fr must ba positive
since itis a
meaasurement

ALG2058-02
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Surface area of a cylinder is

h A = 2xr® + 2nrh
2nr
sides Top  Bottom

How do we solve this equation for r?

To solve a quadratic equation in x
{like 0 = 2x? + 3x - 10), we can use
the quadratic formula.

ALG2058-03
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Mow this is a guadratic equation in r:
A= 2xr® + 2arh

We can still solve for r by using the
guadratic formula.
0 = 2xarZ + 2xhr - A
e

rf tarm rterm  constant

a=2an b =2Zrh c=-A

F— -2ah £ +[[2zh ) - 4(2n)(-A)
2(2m)
r= -2xh A4wih? + BrhA

dm
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Lecture 59: Symmetry

We've talked a lot about linear
equations. In this lecture we will talk
about graphing non-linear equations.

ALG2059-02
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y = ¥Z has y-axis symmetry. Your
face is symmetrical. Every point of the
left side has a partner on the right
side. This is called y-axis symmetry.

Lecture 59; Page 3

y = x2 Parabola y = |x|
x |y Ly
EXED 33
214 -2 | 2
111 -1 11
010 010
111 111 [
214 212 y =|x|also has
319 313 y-axis symmetry,
ALG2059-03 ALG2059-04
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This function does not have y-axis
symmetry. However, it does have
origin symmetry.

Keep this in mind as well.

y=x" y=x

Why does one of these functions

have y-axis symmetry and the other

one doesn't? . .
{2= 4} : {_21 _B}
(-2, 4) | (2.8
- - l

|

|

l R

|
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When x is squared (with no linear x
term), we will have y-axis symmetry.
What about this equation?

X = ye
Solve for y in terms of x.
y =%
For every x-value, there are
2 y-values (++/x and - +/x )

X
g
4 | +2
1
0

ALG2059-06
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Mow we have a parabola with x-axis
symmetry.
If y = 2 we have y-axis symmetry
If x = y°, we have x-axis symmetry

x = y¢ is not a function because it
doesn't pass the vertical line test.
2 +y? =16
This function must have both x-axis
and y-axis symmetry.

This is the equation for a circle.

TH

Lecture 59; Page 7

One solution to this equation is (4,0)

¥ +y? =16
42+ (2 =16 (0,4)
16 = 16
(-4,00 L (4,0]
{0.-4)

If you see x* (with no linear x term),

we have y-axis symmetry.
If you see y2 (with no linear y term),

we have x-axis symmetry.

ALG2059-07
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Functions are even, odd, or neither.
Even Functions: f{-a) = f(a)
fix) = x2
fi-2) = f{2)
Even Functions have y-axis
symmetry.
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Ddd Functions: f(-a) = - f{a)
fix) = x3
f(-3) = = f(3)
Odd Functions have origin symmetry

ALG2059-10
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Most functions are neither even nor
odd. Most lines are neither even nor

odd functions,
fx) = 2% + 1
f(3)=7
f(-3)=-5

This function has no symmetry.

/

ALG2059-11

Lecture 59: Page 11

The only kind of linear equation that
is an even function would be a
harizontal line, . K

y=23

The anly kind of inear equation that
is an odd function would be one whose
graph goes through the origin.

f(1)=2
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Lecture 60: Transformations of Functions

‘JIL

When you translate an object you
slide it.
Horizontal 3

I P \Vertical -2

How did the calculator come
up with this new flag?

TH

ALG2060-02
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®: 1+3=4 3=
y: 3-2=1 21
{4.1) new point.

T(x.y) — the transformation

Tix,y) = (x + 3, y - 2) Formula for this
translation.

TH

ALG2060-03
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7 left and 12 up
What would be the formula for this
translation?
Txy)={x-7,y+12)
$

F!

ALG2060-04
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Let's translate our parabola.
3 to the right and 5 down
y=x?

vartex
Wertex = the turning point of a parabola
y = x*
tx.y) = (x+3,y-5)

2
+

Flace for new parabola

with the same shape

(3.5
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What is the equation that goes with
this new parabola.

Remember opposite!
The opposite of Subtract 5 is add 5.
Replace vy withy + 5
Replace x with x - 3
y+5=(x-3)
Soy=(x-3F-5

ALG2060-06
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For the equation y + 5 = (x - 3)% In get
0 =0, then y mustequal -5, x=3
¥+ 5= (x -3
5+5=(3-3)
0=0
Our vertex is now (3, -5)

If we had not done opposites and had
used the equation y - 5 = (x + 3)* and
the vertex {3, -5) wa would get:

Lecture 60; Page 7
So anytime you get the eqguation for a
transformation, you need to remember
opposites. Then get y by itself.
y = x*
The mother of

all parabolas

All other parabolas are based on this
one, before you do a transformation,

For the equation vy = x? y-5=(x+3)

wheny=0,x=0 0=0 5-5=(3+3)p

Our vertex was (0, 0) -10=36 |Incomect
ALG2060-07 ALG2060-08
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If the function is y = f(x), get the
equation for its transformation by
substituting v = vertical change, in for
y and x — horizontal change, in for x.

Then get v by itself.

For example, a function f{x} that has
shifted 3 right and 4 down (think of
opposites) is:

y+d=fix-3)
y=f(x-3)-4
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Lecture G1: Stretching and Shrinking

This time, instead of translating objects
we are going to dilate them; make
them bigger or smaller.

Dilation of 3

The formula for a dilation is a

multiplier, for this flag, we just

performed a dilation of 3.
Dix.y) = (3x, 3y)

TH

ALG2061-02
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Mow let's do a dilation of magnitude on
the x-axis.
y = x?
D(x.y) = (3x.y)
Again, remember

y=x?

(1.1) | opposites! Replace

® with |
-y

. \ 31,

‘ 3 .

TH

ALG2061-03
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This time we will stretch the function
in the y-direction.

1".' - }(2_._‘_‘_“”
Dix.y) = (x. 5y)
(1.1) Do opposites.
Replace y with %

¥2

¥=
(1.5 &
This parabola is much
skinnier, stretched by 5
in the y-direction,

ALG2061-04
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To enter this equation into our
calculator we need to multiply both
sides by 5. y = 5x2 This parabola is
much skinnier,

Sometimes we need upside-down

parabolas.
F y = yi
Ny
{111') R[K,FJ = {N,-'_'f}
lReplace y with ¥
(1-1) Y o=y -1
-1
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This transformation is called a
reflection. {across the x-axis)

The y-coordinate changes from
positive to negative,

11 =x* or y=-x?

This is the equation for our upside-
down parabola. Remember the
opposite,
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Lecture 62: Graphing of Quadratic
Functions

This parabola is wider and shifted.

o

First let's get it fatter. Then let’'s move
it into place,

This parabola is twice
as wide as the mother
3 parabola (y = x?)

TH

ALG2062-02
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First we will do the dilation, then we
will translate it.

ES CaN

D{x

T{xy]- x+4y+2}
|E[4 2]:’

= '[23’1 y)

ALG2062-03
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=225

_442
2
%4124 2
2

(-4) 4 2
4

y = %{x-d}z +2 Standard form

All these equations are comrect

ALG2062-04
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(6.8)

s

Find the equation for this parabola.
y =x°
Dix.y = (x. -4y)
Y =x2y=-4x? eJ
a ‘**T{xw-{wﬁ y +8)
y-8=-4(x-6)°
y = -4(x - 6)7 + B

(1,-4} (6.8)
'-I [ (7.4)
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If we know how wide or how tall a
parabola is,
if we know the vertex, and
if we know the parabola is upside
up or upside down,
we can find the equation for the
parabola.
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Lecture 63: Standard Form for Quadratic
Functions

In the last several lectures we have
been finding equations of parabolas.
Every one of them has had the format

y=alx-hZ+k
" y-k=a(x-hp

Looking at this equation, where would
the vertex be?

The vertex would be at (h, k)

“a" Tells is if our parabola is opening
up or up side down.

TH

ALG2063-02

Lecture 63; Page 2

y = a{x - h)® + k_Standard form
y=2(x-372+4 1
y-d=2(x-3)

vertex at (3,4) and

opened upward since
T a=0

TH

ALG2063-03

Lecture 63; Page 3

Every quadratic equation has a
parabola for its graph.
y=x-4x+2
This equation is not in standard
form. We don't know where the
vertex is.
Let's put this equation in standard
form. First, move the constant.
y-2=xZ-4x
Mow complete the square:
y-2+4=x"-4x+4
(x - 2F
y+2=(x-2)2
vertex: (2,-2); opens up since a = 1

ALG2063-04

Lecture 63; Page 4

Vertex: (2,-2); open up since a =1

If |a| = 1 we have a shorter (fat)
parabola
|a| = 1 we have a taller (skinny)
parabola
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ALG2063-05

Lecture 63; Page 5
yo=2%% & Bx -7

The calculator graphs this parabola
as follows.

(h, k) coordinates are both negative.
y+ 7 =2x%+ 6x

TH

ALG2063-06

Lecture 63; Page 6

Remember, we need to get the
leading coefficient to be 1, this time
by factoring out a 2,
y + 7= 2x% + Bx
F+?+%=2(xz+3x+§)

= 2fc + 3\
2
Don't forget to check to see if you have
a multiplier!

(in this case % 2 becomes E)
2

y + E = 2{}{ + E)Z vertex: (ﬁ| ﬁ)
7 2 2 2

ALG2063-07

Lecture 63; Page 7

The number out in frontis a (a = 2) it
made this parabola taller {+ skinny).
Example:
y=3x2+12x-2
This is a parabola, a taller ane, that

opens up.
¥+ 2 = Jx® + 12x
y+2+12=3(x2+4x+4)

=3(x + 2)?
y+ 14 = 3{x + 2)¢
vertex: (-2, -14)
You need to put the equation in
standard form to find the vertex,
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ALG2064-01

Lecture 64: Graphs and x-intercept

We talked about quadratic equations
and we've talked about quadratic

ALG2064-02

Lecture 64; Page 2

VWhat does this graph have to do with
the equation x* -x - 12 =07

Lecture 64; Page 3

x=4 -3

These are the two x-intercepts,
1

(304 92 40
o
0-12)4 ™
1 o L
127 [
- N

Solving the quadratic equation is
really just finding the x-intercepts of
the parabala.

functions.
Function | Equation We sety =0
y=x2-%-12 | x2-x-12=0 y=x-x-12
y = 0 at the x-intercepts.
Graph: Parabola ¥ -x-12=0
Y+12+l:x2_x+l x=1t\l1'4{1]['12}
4 2
1'||.-+12'|_=(:,¢;_1_)2 - 1%+/49 =147 =4 3
4 2 2 2
1 121
&%)
™
ALG2064-03 ALG2064-04

Lecture 64: Page 4

If we set x =0, we can find the
y-intarcept. In this case, the
y-intercept is -12.

Parabolas can have 2, 1, or, 0
x-intercepts. The discriminant of the
quadratic formula tells us how many
¥-intercepts we have.

Discriminant = D
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ALG2064-05

Lecture 64: Page 5

IF D = positive number, we have 2
M solutions, so 2 x-intercepts,

2 x-intercepts
2 R solutions

ALG2064-06

Lecture 64; Page 6

IF D=0, we have 1 ® solution,
50 1 x-intercept.

Vertex is on
the x-axis

1 x-intercept
1 W solution

ALG2064-07

Lecture 64; Page 7

IF D = negative number, then we
have 2 complex solutions {no M
solutions), so no x-intercept,

na x-intercepts
no M solutions

All parabolas have one y-intercept.
For x-intercepts, parabolas have
either 2, 1, or none,
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ALG2065-01

Lecture 65: Coordinate Geometry

37 51
What is the distance between these
two points?
51-37 =14
37 -51=-14

ALG2065-02

Lecture 65; Page 2
What if we had one or more negative
numbers? Would this still work?

11
" —

3 8
§--3=11o0r|-3-8/=11 yes

Lecture 65. Page 3

23 23
!-_._r“l_._—..-_._ﬂ-\_._-.l

42 1+ 88
65

We can also find the midpoint by
finding the distance, dividing by 2 and
adding this on to the smaller endpoint

88 -42 =323
2

23 +42 =65

5B

Distances are never negative so we MIDPOINT
take the absolute valug: ; i

I51 - 371= 14 42 1 88

[37 - 51 =14 We could find the midpoint by taking

the average.
a b 42 +88 = 130 = g5
Distance = |b - al or la - bl 2 2
=13 =13
ALG2065-03 ALG2065-04

Lecture 65; Page 4
(-2.3) ="y (B3)

Find the indicated distance.

Two points on the same horizontal
line have the same y-coordinates.

B
[-2.3) [G6.3)
PRI
1 ] I
Y I~ 6-2)=8
“ £ IR
(-4,-5

Vertical lines have identical
i-coordinates.

=1-3
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Lecture 65; Page 5

ALG2065-06

Lecture 65; Page 6
(10,11}

Lecture 65; Page 7

=1-3

(1.3)
10,11)
d 8
Slanted lines are a little bit harder.
(13 g (103
Recall that [10-1] =9
111-3]=8
al & 24p?=g2
b What is d?
The above segment is the d?=92+8?
hypotenuse of a right triangle. d?=81+64 = 145
=13 =13
ALG2065-07 ALG2065-08

Lecture 65; Page 8

There is also a Distance formula:

()

by, )

[
'[”113"1 ) ixE"ﬁ}

From the Pythagorean Theorem:
dZ = (XpXy 2 + (ypoy, 2
S0 d = (X%, ) + Y,y
This is the Distance formula to find d.
To find the distance between two points,
you can either use the Pythagorean
Theorem or the distance formula.

=1-3
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ALG2065-09

Lecture 65; Page 9

MIDPOINT

(-6.5)

[t

\4:4.-21

Find the midpaoint of this line segment.

=1-3

ALG2065-10

Lecture 65: Fage 10
Let's find the average.

Midpoint = M = {.1_%}

=1-3

ALG2065-011

Lecture 65: Page 11

There is also a Midpoint formula.

P=(x.v.)

Q= (%, ¥,)

|"».-"|=(x1 +x2 ' ¥, +y2)
2 2

This formula is actually averaging
the x and y coordinates.

You can memarize the Midpoint
formula, or just remember to find
averages,

=1-3

ALG2065-12

Lecture 65: Fage 12
In summary,

Whenewver you want to find the
distance, you can either memorize
and use the Distance formula or
remermber the Pythagoraan Theorerm.

Whenewver you want to find the
midpoint, you can memaorize the
Midpaint formula or remember
averages.

=1-3

158



Lecture 66 Notes

ALG2066-01

Lecture 66: Conic Sections: Circles

Mow we are going to look at a family
of curves known as conic sections.
These are cross sections of cones.

=1-3

ALG2066-02

Lecture 66; Page 2

We will pass a plane through
this cone and get different curves,

First, slice a plane that is
perpendicular to the axis, through

a cone. .
‘.‘ Circle
& O

/\

The circle is one type of conic
section.

=1-3

ALG2066-03

Lecture 66; Page 3

Mext slice a plane that is not
perpendicular to the axis through a
cone, This conic section called an
ellipse.

%
/\

_DEllipse

=1-3

ALG2066-04

Lecture 66; Page 4
"\ Parabola

Mext, slice a plane that is parallel to a
surface line of the cone, through the
cone so that it intersects the base of
the cone. This conic section is a
parabola,

=1-3
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And finally, slice a plane that runs

parallel to the axis through both cones.
This conic section is called a hyperbola.

\/ H
yperbola
Y

All conic sections are obtained by
slicing a cone. (or a double napped
cone)

We will study each one of these
beginning with the circle.

=1-3

ALG2066-06

Lecture 66; Page 6

(%.y)
3

/.

(x.¥)

3

’yl::a'ﬂ] ){2 + }I'z =9

Every point on this circle satisfies this
equation.

AT LA

=1-3

ALG2066-07
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(0.3)
(%.¥)

X (3,0)

(0,-3)
From the Pythagorean Theorem,
x2+y2=g
All points an the circle make the
equation true.
Is there a point on this circle having an
¥-coordinate of =17

=1-3

ALG2066-08

Lecture 66; Page 8

x2+y?=9 (-1,98)

(AR +y2=9 /'\
1+y?=9 ;

D

y=£V8  (1,-4)

Every point on this circle, satisfies
this equation.
Is (2, -2) an the circle?
Seeif 22+(-2)2=9
4+4=9 No
Mot all circles are centered at the origin.

=1-3
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Lecture 66; Page 9

{x.,y) )
47 radius
r § 4
{0y}
-3
%,5)

(x-6)2+ (y-5)2 = 16
16 is the radius squared. The right-
hand side of the equation is r°.
The center of this circle is (6,5).

=1-3

ALG2066-10

Lecture 66: Fage 10

For any circle centered at (h.k) and
having a radius of r,
(x=h)? * (y=k}* = r®
This is the equation for a circle in
Standard Form.

X, ¥)

(h.k}

Given a circle, find the eguation.
Given an equation, find the circle,

=1-3

ALG2066-11

Lecture 66: Fage 11

4
(-3.2)

N A

()2 + (k)2 = 12
(x+3)2 + (y-2)7 = 16

This is the equation of the circle. All
points that make this equation true are
on this circle,

=1-3

ALG2066-12

Lecture 66; Fage 12

Given the equation of a circle, can
you find the center and radius?
(x+5) + (y-3)2 = 4

What is the radius? r=2
What is the center? C = (-5.3)

=1-3
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Lecture 66: Fage 13
Suppose you are given this:
X2+ y? +4x-10y-1=0

We are going to have to remember

a little bit of algebra to solve this one:
(x2+d4x )+ (y*-10y )=1
( F +( P =1

We need to complete the square!
(x?+dx+4)+(y?-10y )=1+4
(+2F o+ (P =t

If we add 4 to the left, we must also
add 4 to the right.

=1-3

ALG2066-14

Lecture 66: Fage 14

(x* + dx + 4) + (y* - 10y + 25) = 1+4+26
(x+2)2 + (y-5)* = 30

And we must also add 25 to each side.
C =(-2,5)
r=+30
As long as you have an xZ and a y*
term, we have a circle.

You can only complete the square
when the coefficients of x2 and y? are 1.

{If there is a coefficient with x% and y?,
divide the equation by the coefficient)

=1-3
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ALG2067-01

Lecture 67: Ellipses

Mow we are going to move from a
circle to an ellipse.
Circle withr=3

¥ +y?=9
X ey =
8 o

These two equations are equivalent.

ALG2067-02

Lecture 67: Page 2
Mow we will look at the ellipse.

(x.y)
i

long axis - major axis=2a=48
short axis - minor axis = 2b =6
Circle is a special ellipse where the
major and minor axes have identical
lengths.
This equation is true for all points
{x.y) on this curve,

=1-3

ALG2067-03

Lecture 67: Page 3
The formula for an ellipse is very
similar to a circle exceptit has two
different numbers in the denominataor,

(-3 4 (y*+2F = 4

25 16

T T
82=25 hW=16
Major Axis: 2a = 10 units
Minor Axis: 2b = 8 units

T

f‘/ 5y C=(3-2)
\fmf,/

N3.-2)

(]

=1-3

ALG2067-04

Lecture 67: Page 4

major axis: Za = 8 units

minor axis: 2b = 6 units

=1-3
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(x-h}* & (y-k)? = 1
a? b

a® > p?

major axis is horizontal. C = {h, k)
a = x distance fram center
b = y distance from center

(x-hP o (y-k)? =1
b? a2

major axis is vertical. © = (h, k)

a? = h?

ALG2067-06

Lecture 67: Page 6

The Earth travels around the Sun in
an elliptical-shaped orbit.

@E
How do you find these foci?

The distance from the center to each

Lecture 67: Page 7

(x-3) & (y+2) = 4

49 25

major axis is horizontal

Find:
= center
= major and minor axis
+ foci
Ci{3,-2)
a =7 Major axis = 14
b =5 Minoraxis =10

=1-3

a = y distance fram center foci is .
b = x distance from center ci=g2-p* 4
focus points C &
foci (plural) - An Ellipse has 2 focus E d
paints.
ALG2067-07 ALG2067-08

Lecture 67: Page 8

(3.-2)

oon 0
1}

7
5

ci=g%-p?
c2=49-25
c?=24
c=~24=2+6=49
The foci are always along the major
axis.

=1-3
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Lecture 68: Ellipses - Part 11

In this lecture we'll talk about
completing the square for ellipses:

16x2 + 4y2 + 96x -8y + 84 =0

Naotice that the x? and y* terms
have different coefficients. This is
an indication that we really have an
ellipse,

Beqgin by reorganizing your terms:

ALG2068-02

Lecture 68; Page 2

Begin by factoring to change the
coefficients to 1 for completing the

square.

16(xZ + 6x + 9) + 4(y? - 2y + 1)
=-84+144+4

16(x +3)2 + 4(y-12 =64

Don't forget your factors in frant when
adding to the other side.

16(x + 3% 4 4(y-1)2 - g4

Lecture 68; Page 3
C=(-31)
b = 2 {left and right 2) minor axis = 4
a =4 (up and down 4) major axis = 8
(x+3F 4 (y-1)° = 4

1 4 16
Foci 2 =af - b?
I =16-4=12
. ' c=12

U G35

Foci are in the
majar axis
When you see two different
coefficients, on x? and yZ, you know
you have an ellipse and not a circle,

o

=1-3

16x2 + 96x  dy? -8y =-84 s 64 &
(x+30 & (y=1F = 4
3 6
ALG2068-03 ALG2068-04

Lecture 68; Page 4

9x? +4y? + B4x - By +49 =0
Ox? + 54x + 4y? - By = -49
9(x? + 6x + 9) + 4(y* - 2y + 1)
=40+ 81 +4
Yx+ 3P +4(y-1¥2 =36

O(x+3)F + 4y-1F = 36
36 36 36
(x+ 3P 4 (y-1)° = 4

4 9
C=(-3.1)

a=3 major axis =6
b=2 minoraxis =4

=1-3
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(x+3F 4 (v-17 = 4
4 9

Foci ¢? = a2 - b?
=B-4=5
c= 15
I Cm22
Foci are in the
major axis

=1-3
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ALG2069-01

Lecture 69: Hyperbolas

We are now halfway through our
discussion of conic sections.

Ax2+Cy?+Dx+Ey+F=0

Any equation in this form is a 2™
degres equation, and the graph for it
would be one of the four conic sections.

Goal:

« be able to recognize what conic
section the equation would be

+ ba able to graph the equation,

=1-3

ALG2069-02
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For Ax*+Cy*+Dx+Ey+F =0

«if A =0C, then it's a circle

= if A=C, but both have the same
sign, it's an ellipse

«if A and C have different signs, it's
a hyperbola.

=1-3

ALG2069-03
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If there is a Bxy term
AxZ+Bxy+ Cy?+Dx+Ey+F =0,
the conic section would be rotated.
That goes beyond the scope of this
course; none of our equations will have
Bxy terms which will make all the
graphs square to the x and y axis.

Hyperbola
¥ x=
9 4

Motice the minus sign. This is what
causes the graph to be a hyperbola
instead of an ellipse.

=1-3

ALG2069-04
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¥ - %% =1
9 4
Letting x = 0,
¥ =1
- 9
3 y:=9
y =23
So we have
(0,3
(0, -3)

=1-3
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Letting y = 0,
-x2=1;x2=4
4
x =44
x=%2i We only want real solutions.
So, there are no x-intercepts,
This hyperbola never touches the
X-axis.

¥ .o x=
5 4

up and down 3 units

=1-3

ALG2069-06

Lecture 69; Page 6

What does the 4 under the x2 term
mean?

To graph it on the graphing calculator,

solve for vy,
e
8 4
Yo+ 22
9 4

o)
4

th

Enter the 2 equations.

=1-3

ALG2069-07

Lecture 69: Page?

There are
2 vertices.

These two branches, as they go out
further from the center, look linear.
They approach a line — called an
asymptote. The 4 helps us ta find
these two asymptotes. The
asymptotes have slopes of % and '%.

TH

ALG2069-08

Lecture 69; Page §

Just like with the ellipse, the relative
sizes of a and b will determine the
shape of our hyperbola,
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(y +3)° . (x-2) =4

4 16

So far, we have had a positive y? and
negative x? terms. It could be the other
way around,

TH

ALG2069-10

Lecture 69: Page 10

(x+ 10 _{y-3)° =4
25 16

C={-13) m=:t%

This hyperbola opens to the left and
right

ALG2069-11

Lecture 69: Page 11

+x2 -y? — apens in x-direction
+y? x? — ppens in y-direction

%2 - w2 + 24x + 4y + 28 =0
This is a hyperbola because we have
a negative v term and a positive x?
term. Complete the square.

4x? + 24x ye+d4y =28
4(x2+6x+9) -1(y-4y +4)
=-28+36-4
Ax+3)2 -y-27 =4

a2 Yy - 2P = 4
{x +3) -

ALG2069-12

Lecture 69; Page 12

(x +3)2-(¥ :12}2; 1

_'hlr\:l

This opens right and left, because x*
is positive,
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(x-h)? . (y-k? =1
a2
* Opens right/left
*C=1(hk}
* Distance from C to the vertices = a
* Slopes of asymptotes: m=+b

ALG2069-14

Lecture 69: Page 14

ly-KkP _ (x-hF -4
a2 b?

* Opens up/down

*C=(hk)

* Distance from C to the vertices = a
* Slopes of asymptotes. m=% 3

H#vih, k= a)se
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Lecture 70: Parabolas

Sometimes all you have to do is
figure out what conic section we have.

Ax?+Cy?+Dx+Ey+F=0

If A=C - circle
If AC =0 — ellipse (A and C have
the same sign)
If AC <0 — hyperbola (A and C have
different signs}
If AC =0 - parabola (either x* or y°
term is missing)

ALG2070-02

Lecture 70: Page 2

For a parabola, either there is an x*
term and no y* term or there is a y*
term and no x* term.

A parabola also has a focus. This
principle is used in a parabolic solar
oven and as satellite receivers.

Parabolas are studied extensively.
x2 = 4py

Motice there is an x* term, but no y*
term. It represents a parabola,
The vertex is (0, 0)

ALG2070-03

Lecture 70: Page 3

For positive values of p

For negative values of p

ALG2070-04

Lecture 70: Page 4
The distance from the vertex to the
focus is represented by p:
x2 = 4py

¥ =12y w(0,0)

This is a parabola that opens up or

down.
4p =12 X2 =12y
p=3
F 1(0.3)
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¥+ 8y =0
Let's rearrange it:
%2 = By (0, D)
dp=-8 p=-2

This time, our parabola opens down.

F 1i0-2)

ALG2070-06

Lecture 70: Page 6
{x + 30 = 16{y - 2) ¥® = dpy
o <
The 3 and 2 shift the parabola.
vih, k) = w(-3,2)

F (-3.6) .

dp=16 p=4 The parabola opens up.

TH

ALG2070-07

Lecture 70: Page 7
y? = 8x
MNow we have y2. The roles of x and y
shift. This parabola opens to the right

or left.
y? = Bx y¢ = 4px
dp =8 v(0, 0}
p=2
F(2.0)

ALG2070-08

Lecture 70: Page 8

¥Z == opens up or down
y* == opens right or left

¥4+ 4x-3y+7=0

Notice we have no y2 term. we have
a parabola that opens up or down.
We need to make this equation have
the format: (x - h)¥ = 4ply - k)
Complete the sguare:
X2 +dx=3y-T
XAy +4=3y-T7+4
(x+2)¥2=3y-3
(x +2)2=3(y-1)
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Vertex: (-2,1)

It opens up because
4p =3 = p = 3 (positive)
4

Completing the square is the secret
to finding the vertex.
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Lecture 71: Second-Degree Equations
and Systems

dxtdy=7
This is a straight line,

2x+3y=4
This is also a linear equation.

2n+3y=4
This is a system of equations.

{3x+4y=?

To solve a system of equations is
to find the point common to both

graphs.
™

ALG2071-02

Lecture 71: Page 2

x? + y? =25
dx-dy =0

Jx =4y

Sx=y
4

slope is 2

y-intercept is 0

The system of equations has two
points for a solution.

Solving this system is a matter of

finding those two points,

Lecture 71: Page 3

One way we learned (o solve a
system of equation is by substitution:

X2+y2=25
{3x—4y={}
dx =4y
3x=y

1
® o+ fAxE =25
@
x+ 9 x*=25
16

16(}{2 + %xz)= 25-16

ALG2071-03

ALG2071-04

Lecture 71: Page 4

16x%7 + 9x% = 400
25x% = 400

x2= 16
X=+4

Substitute those values into onea of

the two equations to solve for y-values:

1 dI=y=3 i Y=y =3
)=y 2(-4)

Solutions:
{41 3'-] i f_41 _3]
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* . ﬁ =1 hyperbola

{}tz +y? =25 circle
25 25

=

<
| o i
1 | I
\x _// 1
[~ &
e
P S
# J g
I - |
fb_&- e

& - ,
Graphing (in this case) halps us to
find the solutions, (-5,0) and (5,0) are

the solutions for this problem.

TH

ALG2071-07

Lecture 71: Page 7

%2 + y2 = 4 circle centerad at origin with radius 2
16x? + 9y? = 144 ellipse
We must make the right-hand side

equal 1.
16x2 + 9y° - 144

144 144 144

¥ =1 C=(00)
s P 3 right * left
4 up + down

{
\J

There are no solutions to this system.

AN

ALG2071-08

Lecture 71: Page 8

Sometimes you can easily salve the
system by graphing.

Other times, you would want to solve
the system algebraically, by using
either the substitution or elimination
methods. If your results give you only
Complex (imaginary) answers, there
are no solutions. If part of your results
are complex, reject that answer; keep
only Real Solutions.
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Lecture 72 Notes

ALG2072-01

Lecture 72: Polynomial Functions

Earlier in this course we talked about
polynomials.
%2+ Tx + 12 polynomial
y = %% + Tx + 12 polynomial function
0={x+3)x+4)

X =-3, -4 12

x-intercepts
-3 and -4
y-intercept is 12.

Leading coefficient is positive,
Farabola opens up.

ALG2072-02

Lecture 72: Page 2

Parabolas are a second degree
polynomial function,
We can write these polynomials in
non-factored or factorable form.
Let's look at a third degree
polynomial function,
¥ = (x+ 2)x-5)x +4)
This is a third degree polynomial
By looking at these three factors we
can find the x-intercepts.
If x=-2,y=0
Similar for x = 5, -4

TH

ALG2072-03

Lecture 72: Page 3

Let x = 0 to find the y-intercept
y = (x+2)(x - 5)(x + 4)

(2) (-5) (4)

y =-40
AL
1.2 5

-40

ALG2072-04

Lecture 72: Page 4
1°' degree: y=ax+h

2™ degree: y=ax’+bx+c

- parabola

- 1 turning paint U

a=+

3" degree; y=ax®+bx?+cx+d

- up to 2 tuming points

o

- straight line
- 0 turning points

Y

a=-

[\

g=-
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ALG2072-05

Lecture 72: Page 5

4" degree; y = ax* + b’ + ox?...
- up to 3 turning points

5N degree: y = ax®+ bx* +ex?. .
- up to 4 turning points

The maximum number of turning
points is one less than the degree.

All polynomial functions have only
one y-intercept.

ALG2072-06

Lecture 72: Page 6
v = (=2 )3 ) 2x-1){3n+d )
24
26%-1=0,2x=12x=
xt+4=0 Jx=-4

x= =4
3

1
2

x-intercepts; 2,-3, 1, 4
2 3
y-intercept, set x =0
y = (0-2)(0+3)(2(0)-1)(3(0)+4)
= (-2)(3)(-1)(4) = 24
There are three turning paints.
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ALG2073-01

Lecture 73: The Remainder and Factor
Theorems

A third degree polynomial could
have fewer than three x-intercepts.
It could never have maore than three
¥-intercepts, however.

VRIS

| ‘x'l rx"]

3 single rects 1 single root x; 1 single root x,
Ky Ko g

An “n™ degree polynomial has at
meost “n” x-intercepts

1 double root x, 2 Fomplex roots

TH

ALG2073-02

Lecture 73: Page 2
flx)=2x% - 3% + 6x - T

Find f(3)= 2(3)" - 3(3)2 + 5(3) - 7

=2(27)-3(9) +15-7

=54 -27+15-7

=27+15-7
fl3y=35

Keep that number in mind.

X-3)2%3 - 3x2+ 5% -7
Let's use synthetic division
3)23 5 .7

g 9 42
2 3 14 [35]

TH

ALG2073-03

Lecture 73: Page 3

Motice that the remainder is 35
%2+ 3x+14 R =35
x-3)2x5 -2 +5x-7

If you divide by x - 3 you get f(3)
" X-5 *° fi5)
. x+7 " f-7)

Remainder Theorem
If f{x) is divided by x - a, then the
remainder is fia).

We took a polynomial, divided by
¥ - 3 and got f{3) as the remainder.

ALG2073-04

Lecture 73: Page 4

flu)=xt + 207 - Fu? + Bx -2
Find f(4)

The Remainder Theorem is a simpler
way to do this. If we divide this
function by x - 4, we can find f{4)

4)1 2 7 6 -2
4 24 68 206

1 6 17 74 |294]

f(4) = 204
Synthetic Division was a much faster
way of finding f{4). When x =4, y = 284

TH
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ALG2073-05

Lecture 73: Page 5

Example:
fix)=x*-2x? -5x + 6
Find f{-2)
Let's do it synthetically
2y 1 2 -5 6
-2 8 -B
1 -4 3 [0]

The remainder is 0! f{-2) = 0. Thus,
when x =-2, y = 0. We have found
an x-intercapt and two factors:

{x+2)and (x* - 4x + 3)

We have just factored this

ALG2073-06

Lecture 73: Page 6

our quotient is
X% - 4x + 3
Thus,
flx) =x3-2xZ-5x+ 6
= (X + 2)(x* - 4% + 3)

If you can get your polynomial in
factored form, you can very quickly
graph it.

Factor Theorem
(x = a)is a factor of f(x) if and only if
f(a) = 0.

TH

polynomial,
-2
ALG2073-07

Lecture 73: Page ¥

-2 was an x-intercept so x + 2 was
factor.
When our remainder is zero, we've
found a factor.
fx)=x3-2x"-5x + 6
= (x + 2){xZ - 4x + 3)
= (x + 2)(x - 1)(x - 3)
Mow we can very quickly graph this
function.

B
x-intercepls are zeros. \
=-2,1,3 s
y-intercept 6 I

ALG2073-08

Lecture 73: Page 8

Since we wera able to find a
remainder of zero, we easily factored
the rest of this function.

fix)=2x"+5x*-6x-9
12 & -6 -0
What are we going to put on the
autside?
Let's try 1.
1) 2 5§ 6 -9
Fil
1

k2

2 Fi
1is not zero.
% =1is not a factor
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ALG2073-09

Lecture 73: Page 8

This process needs a little more
guidance because there are too many
numbers to try

1)2 5 -6 9
=2 =3 8
2 3 -9 [0]

If you find a number n that works
{so that f{n) = 0}, then the resulting
quadratic is what you finish solving.

fix)=2x" + 5x2 - 6x - 9
{x+ 1)(2x% + 3x - 9)

ALG2073-10

Lecture 73: Page 10

2¥% - 3K + 6x -9
%(2x - 3) + 3(2x - 3) Factoring by grouping
(2x = 3){x + 3)

fix) = {2+ 1)(2x - 3){x + 3}

Mow we can easily find the x-intercepts
and graph this function,

3,-3

x-intercept x = -1,
y-intercept -9

Lecture 73: Page 11

If a third degree polynomial has x - a
as a factor, then a is a zero
{x-<intercept) and the resulting quotient
will be a quadratic polynomial.

To solve for the remaining zeros, you
can solve this guadratic equation =0
by either factoring, guadratic formula,
completing the square, or square
rooting methods.

3 -1+18
-3 X6 2.4
=18 -3:6
ALG2073-11
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Lecture 74 Notes

ALG2074-01

Lecture 74: Rational Roots

The Remainder Theorem tells us that
if we divide by “x - 2" we have found f(a)
We also leamed that if the remainder
is 0, we have found a factor and an
x-intercept (a zero).

How do we know which number to try?

The Rational Root Theorem will
shorten our list of numbers to try.

If f{x) has any rational roots, then they
must come from a list of P, where

pis a factor of the Donstqant of f{x)

q is a factor of the leading coefficient.

ALG2074-02

Lecture 74: Page 2

flx)=x"- 2x% - 5x + B
p has to be a factor of 6 (constant)

q is a factor of 1 (leading coefficient)
P=t1236
1

q
P =+1,2 3, 6 are the numbers to try
q to find & zero — a root,

If you try any other numbers, you are
just wasting time.

The theorem doesn't guarantee that
one of those numbers will work. It just
tells us that if there is a rational root, it
has to come from this list,

ALG2074-03

Lecture 74: Page 3

try1: 1) 1-2 -5 6
1 -1-6
1-1 -6 0
fix) =x*-2x2-5x + 6
= (x-1)(x%-x-86)

If the quotient was degres 3 or highar,
we would use a revised Plist on it and
find more zeros. If the quotient is
guadratic, just solve it by one of our
past methods.

¥ -x -6 does factor
(x-3)x+2)

So flx)=x*-24"-5x+ 6

=(x=1)x=3)x+2)

ALG2074-04

Lecture 74: Page 4

Each factor tells us where this
function crosses the x-axis. The whole
purpose of the Rational Root Theorem
is to shorten your list of numbers to try.

The P list will help us find rational
roots. "If f{x) has only irrational or
complex roots, the %Iist will not work.

Example: f(x)=2x" + 5x*-6x -9
P =4 138 « givisorof 9

q 1.2« divisor of 2
+1+349+1 +3 489
2 2 2

We have 12 possibilities for zeros,
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ALG2074-05

Lecture 74: Page 5

-1)2 5 -6 -8
-2 -3 9

2 3 -9 0 Itworks!
{x--1)is a factor

fix)=2x3 + 5xZ-6x -9
={x+1){2x2+ 3x-9)

Mow try FOIL or big X to factor the
quadratic,
flx) = (x + 1)(2x - 3)(x + 3)
Use tha Rational Root Theorem to
narrow your list then carefully go
through your list to find a zero.

ALG2074-06

Lecture 74: Page 6

If the quotient is guadratic, try to factor
it first by FOIL or big X. Ifit doesn't
factor, use the quadratic formula and
you'll be able to solve for the other two
zeros. Along with your first zero, you'll
get aither:

2irrational or 2 Complex
roots roots
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ALG2075-01

Lecture 75: Theorems About Roots

Let's look at a second degree
polynomial.
fx)=x2+x+3
Tao find where this graph crosses
the x-axis, we will need fo use the

quadratic formula:
x= -1 21 -4{1){3)

2
:'11'\][11
—2
= 1211
—z
SIS (KR S ALY
2 2 7 2

TH

ALG2075-02

Lecture 75; Page 2

These are conjugates (in other
words a + bi, a - bi)

The complex zeros come in
conjugate pairs. Whenever you have
one complex root, you will also have
its conjugate for a root.

This parabola
doesn’t have
an x-intercept
since there are
na redl zeros,

TH

ALG2075-03

Lecture 75:; Page 3

Fix)=x3+ ..

Far a cubic function, we can gel:

a) 3 real zeros (each different)

b) 2 real zeros (1 that is a double root)
¢} 1 real zero (with 2 complex roots)
d) 1 real zero (which is a triple root)

al(x+2)x-2)x-4)
x==2 24
3 different real roots

TH

ALG2075-04

Lecture 75: Page 4

If a turning point is right on the x-axis,
a function has a double root.

b) 2 real roots
(1 that is double)
(x - 2)(x - 4)(x - 4)
=-2 4
"w
Double root

&} 1 real root with
2 complex roots
(x + 2){xZ + 4)
x==2, x2i
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ALG2075-05

Lecture 75: Page 5

d) 1 real root
{a triple root)
(x -2)3
=2
N,
triple root

Could it be possible for a third
degree polynomial to have 0 zeros?
For an odd degree polynomial, there
must be at least one real solution
because the graph has one end going
down and the other end going up.
It must cross the x-axis at least once,

ALG2075-06

Lecture 75: Page 6

flx)=x'-2x2-3x-2
The rational root theorem says that
we should try for % +1ort?2
Notice that 7 is missing.
131 0 -2 -3 -2
-1 1 1 2
11 1 -2 0
fix)=x*-2x2-3x-2
{x+ N)(x-x2-%-2)
If you have an 4™ degree polynomial,
you could have two pairs of complex
roots, however, now that we know we

have one factor, we know we must
have at least one more real factor.

TH

ALG2075-07

Lecture 75; Page 7

=131 -1 -1 -2
-1 2 1
1 -2 1
-1 Does not work.
21 -1 -1 -2
2 2 2
1 1 1 0

fx+1){x-2)(xE+x+1)
Using the quadratic formula:

= 1-241-4(1)(1) = -1£+/3i
2

2

andx=-1,2

ALG2075-08

Lecture 75: Page 8

o+ 1)(x - 2)(){ - ';_'*E i)(x - -1 ;‘EI)

This fourth degree polynomial only
crosses the x-axis in two places.
y-intercept at -2

2 real factors, 2 complex factors
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ALG2075-09

Lecture 75:; Page 8

Complex zeros always come in
conjugate pairs.

A 4™ degree polynomial function can
have:

Real roots | Complax roots

4 0
2 1 pair
0 2 pairs

ALG2075-10

Lecture 75: Page 10

A 5" degree polynomial function can
have:

Real roots | Complex roots

5 0
3 1 pair
1 2 pairs

Odd degree must have at least 1
real root.
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ALG2076-01

Lecture 76: Graphs of Polynomial
Functions

All the examples that we have done,
have had al least one rational root
{from the Elist) and we could find all
the roots using synthetic division,
factoring, and/or guadratic formula.

But if a function does not have a
rational root, the irational root cannot
be found by using synthetic division.
s fix) = x - 5x* + 3x -1
has 1 real root.

% list: # 1 (thasa don't work.)
The real root must be
irrational,

ALG2076-02

Lecture 76: Page 2

Graphing calculators can
approximate the x-intercept.
f(x)=x%-5x2+ 3x - 1

On the calculator, we can find the
zeros of a graph.

If you're using a T calculator, specify
the left and right bound of the intercept
and then take a guess.

Calculator solution  x = 4.36523

Mot every polynomial has rational
roots. Sometimes we need to use our
calculators to find the roots.
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ALG2077-01

Lecture 77: Inverse Functions

In this lecture we will talk about
general functions.
fix)=x+2 (57} (11,13)
gixp=x-2 {(7.5) (13.11)

These are inverse functions,
If one is called f{x), the other is called

f1(x). 1 fo.y=x
_ _ {1,.3) e
y=flx)=x+2 e
B oo _ &
flx)=x-2 /,’/ A.}

ALG2077-02

Lecture 77: Page 2

y =g(x)=2x
-1 =X
g7 (x) >

ALG2077-03

Lecture 77: Page 3

y = hix) =x*

h(x) = Ax

All these functions are symmetrical
around the line y = x,

ALG2077-04

Lecture 77: Page 4
fix)=2x+3

How do you find the inverse of this
function? We want this to happen:
If f{2)=T7 If f{4)=11
then f7(7)=2 then f1{11)=4

If you find f(a) = b, then f-'{b) = a.

The inverse will "undo” the original
function.

To find the inverse we must undo the
operation of f{x), opposite operations in
reverse order,
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ALG2077-05 ALG2077-06
Lecture 77: Page 5 Lecture 77: Page 6
The original function multiplies by 2 flx) = 3[x+7
then adds 3. The inverse function 4
subtracts 3 and then divides by 2. 1y=3[x+7
f(x)= X=3 E
2 9 = I jy+7
f(2) =7 4
f1(7) =2 3. x3= ¥Y+7
4
Three step process for finding the dx3=y+7
inverse function. 4x3-T =y
1. Let y = f(x). So
2. Switch x's and y's, fU)=4d4x-7
3. Solve for y.
™ ™
ALG2077-07

Lecture 77: Page 7

i fx)= 3(x+7
4

fix)=4x3-7

These two functions are mirror
images around the line ¥ = x.

Just remember these three steps:
— Set functions to v,
— Switch x's and y's.
— Solve for y
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ALG2078-01

Lecture 78; Exponential and Logarithmic
Functions

If v is two bigger than x, isn't y two

ALG2078-02

Lecture 78: Page 2

y = 2% This equation has a variable
as an exponent. We've never seen

Lecture 78: Page 3

The y-intercept on exponential
functions is always 1 since anything
with an exponent of 0 equals ane,

On the left side, this function gets very
close to zero, but never touches it.

On the right side, this function grows
very rapidly

Domain; all A
Range: y=0

horizontal gsym ptote

less than x? these functions before. This is an
y=x+2 expanential function.
{x =y-2 This is the exponential function base 2.
p=2"
If y is twice as big as x, x is half as Xy
big as y. 3|8
y = 2x y=x* 204
{K =¥ {K = W 112
2 011
Each of these pairs of equations are =1 |12
equivalent. -2 | 1/4 ——
=311/8 ]
™ ™
ALG2078-03 ALG2078-04

Lecture 78: Page 4

Horizontal asymptote — a line that a
function approaches but never touches.

The horizontal asymptote of an
exponential function is the x-axis.

y y=3"
27

9 D: all®
3 R:y=0
1

113

va

=3 | 1427

L |
m—1<:n—nmm|x
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ALG2078-05 ALG2078-06
Lecture 78: Page 5 Lecture 78: Page 6

Same y-intercept, same shape as
y = 2% however, this function, y = 3%,
grows more rapidly.

X
3[18
2(1/4
1[1/2
These are 2 equations that have 01
-1
-2

exponential growth. D: all ™y

2
4 R:y=0
Exponential growth applies to many -3 |8 T
things in our world; population, .
pollution, resource consumption, T
inflation, investments. We are getting closer and closer to
the horizontal asymptote on the right.
This function goes down very rapidly,
This is called exponential decay.

™ ™
ALG2078-07 ALG2078-08
Lecture 78: Page 7 Lecture 78: Page 8
Radioactive materials decay If we find the inverse of the exponential
exponentially. function, we get the following.
Half-life is how long it takes for half of y=2* =
the radioactive material to decay. .~ Horizontal Asymptote
Exponential Function {(0,1) 4 //’) y=0
y =a" ("a" is a constant, x > 0) L2H0,0) inverse function
a=1 D=a<1 7 Vertical Asymptote
d x=0

Let's find the equation for the inverse

— function.
: y=2"
Exponential Exponential x=2Y
Growth Decay y=7?
™ ’ ™
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ALG2078-09

Lecture 78: Page 8

Mow we need to solve for y. There is
no algebraic way to do this.
We nead another way to say this.
Logarithms will help us do this.
base

If x=2¥ exponential function base 2
y = log, x logarithm function base 2
“base
V= Iog) x
2¥=x
5'=x givesus y=log, x
™

ALG2078-10

Lecture 78: Page 10
= aX
D: all ™ 52
R y=0 s
g y = log, x

LU V)
—".""/1//. |
1,0)
//'/{ O x=0
< i R: all™®

We have a new function called the
exponential function (with a horizontal
asymptote) and its inverse function is
called the logarithmic function (with a
vertical asymptote)

fix) = 10" fix) = 5x
f(x) = log,, x f7(x) = log. x —
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ALG2079-01 ALG2079-02

Lecture 79: Exponential and Logarithmic
Relationships

Where "a" is a constant:
ify:a: if K=|ﬁgﬂy
x= Iaga ¥ at=y

We can switch fram exponential {exp)
form to logarithmic {log) form, or from
log form to exp form.

What is log, 87

Beginning by switching to exp form.

Lecture 79: Page 2

Example 1: log., 1000 =__
10= = 1000

10? = 1000 so log,, 1000 =3

(1000, 3)

| 1000

Logarithmic functions grow very
slowly because their inverse

Lecture 79: Page 3

Logarithms are exponents. When
you solve for logarithms, you are
locking for the exponent,

log,,4=__
16==4
i’
162=4 ({16=4)
s-:mlt:-gm£1=1E

log, 8= __
2-=8 exponential functions grow very
2tothe s 8, rapidly.
log, 8 = 3 because 2° = 8
ALG2079-03 ALG2079-04

Lecture 79: Page 4

Example 2:
log,

Megative exponents give you fractions,
Fractional exponents give you roots,
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ALG2079-05

Lecture 79: Page 5
log.. 3=
27—=3

27 =3

27

G | =i

=3

log,,; 3 =

=

If you are good at exponents, you will
be good at logarithms, (Remember
that logarithms are exponents.)

ALG2079-06

Lecture 79: Page 6

Equivalent |5* =625
statements |log, 625 = 4

Iagpq=r
p'=gq

log, 81 =2
¥ = 81
x=8 (reject-8)

We only have logarithms and
exponential functions with positive
bases.
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ALG2080-01

Lecture 80: Properties of Logarithmic
Functions

In this lesson we look at properties of
logarithmic functions.
{since a' = a)
(since a"=1)

log,a=1
log, 1=0

These properties are independent of

the base.
Recall that log, 8 = 3
log, 4 =2

(2°=8)
@22=4)

Now let's find log, (8 « 4)
log, (32) = 5

ALG2080-02

Lecture 80; Page 2

But notice that
log, 8 + log, 4
3 + 2 =5
Or,
5=log,(8-4)=log, 8 +log, 4

Lagarithrms are really exponents
and xM.xM=xm=n

The logarithm of a product tums into

the sum of logarithms.
1. log, (mn) =log, m + log, n

TH

ALG2080-03

Lecture 80:; Page 3

Analogously, the logarithms of a
guotient turns into the difference of
logarithms.

2. log, (%] =log, m - log, n

log_ x* = log_ (xxxx)
=log, x + log, x + log_ x + log_x
=4 log_x
So log, x* = 4 log_ x
3.log, m" =nlog, m
Memaorize these forwards and
backwards; be able to use each
property left to right and right to left.

ALG2080-04

Lecture 80; Page 4

Example 1:
log,, 3 + 109, 5 = log,, (3 + 5)

Example 2:
7 log,, 8 = log,, 87

Be careful Mot to make up your own
properies!

log,, (3x + 2) = log, 3x * log, 2
= log, (3x - 2)
This ls Not true!

Distributive property does not work
with logs.
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ALG2080-05 ALG2080-06

Lecture 80; Page 5
log,, 3x*
log,, Sy

This has two logs, We have no
property for something like this. All we
can do is the expand it;

log,, 3 +log,, x* _ log,,3+2log,, x
l0g 05 +10g,p ¥ 0G0 5 + 109, ¥

2,3
log,, X g = log, (x%?*) - log, z°
= log, x* + log, ¥° - log, z°
=2log.x+3l0g.y-5l0g.z

This is the expanded version.

Lecture 80; Page &

Example 3. Condense
S5log, x+3log,y-2log, z

log, ¥ + log, y* - log, 22
log, x%” - log, 2?
log, X

il
1. log, (mn) = log, m + log, n
2. log, M = log, m -log, n

3.log,m" =nlog_m
Memorize these properties of
logarithms.

195



Lecture 81 Notes

ALG2081-01

Lecture 81: Logarithmic Function Values

log,, 1000 =3
107 = 1000
log,, 100 =2
102 = 100
log,, 500 = Can we do this?

The exponent has to be between 2
and 3.

Any scientific calculator will have a
button labeled "log”. When there is no
base, we have a common log. The
common log is log,,,

log 100 < log 500 < log 1000

TH

ALG2081-02

Lecture 81: Page 2

log 100 < log 500 < log 1000
2<log 500 <3
log 500 = 2.69897
10269837 = 499 999995

Common logarithms are built into our
calculators.
log, 80 =  This answer is between
T =80 2and3.
(72=49 77=343)
Our calculator doesn’t have a log,
button. How do we do this on our
calculator?

ALG2081-03

Lecture 81: Page 3

7% =80
1. Take the common log of both
sides of this equation.

log 7* = log 80
xlog 7 =log 80
¥ = log 80
log ¥

This is why we don't need to have a
log base of 7 button on our calculators!

x = log 80 - 2 251916
log 7

ALG2081-04

Lecture 81: Page 4

log.. 1000 = 109 1000 - 5 593135
" log 13

Your calculator has a commen log
which is log base 10. To convert from
the logarithm of any base b to log base
10, use this conversion:

log, x = 199 X where bath
log b
top and bottom
use log base 10,
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ALG2082-01

Lecture 82: Exponential and Logarithmic
Equations

One of the best properties we use in
the study of logarithms is property 3.

{log, x" = n log, m)

Suppose we want to solve

ALG2082-02
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3.61.7=10
+7  +7

3. 51 =£
3 3
5=+1:£

3

log5*'=log 17

Lecture 82; Page 3

17
¥+ 1= lﬂg?
log 5
log =

X = %93 -1
log 5

Evaluating this on your calculator:
¥ = 077768

Any time your variable is in the
gxponent, you will take the logarithm of
each side and bring out of the
exponent in front so that you can solve
for x.

3.501.7=8 3
+7 _+7 {x+1)log 5 =log 17
3.6¢1 =15 3
3 3 Remember to put "x + 1" in
=5 parentheses so you remeamber that
Since 51=5x=0 x + 1 is multiplied by the log of 5!
ALG2082-03 ALG2082-04
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Future Yalue Formula

A=p 1+ r\"
n

P = ariginal value
r = rale as a decimal
A = Value after t years

n = number of timeas compounded | yr

t = number of years
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ALG2082-05

Lecture 82; Page 5

Suppose we want to turn $1000 into
35000, How long will it take?

compounded monthly
4% interest rate

We want to find t.:

5000 = 1000 (1 + %)'2‘
1

ALG2082-06
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First divide both sides by 1000 to get
the base and exponent alone,

5=(1+£)‘2t
12

log 5 = 12t log (1 + E]
12

1= log 5

12 log (1 + E)
12

This can be entered into a scientific
calculator or graphing calculator.
= 40).3 years

TH

ALG2082-07
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It takes about 40 years to turn $1000
into $5000 at 4% interest,
compounded monthly.

When you have an equation with the
variable in the exponent, isolate the
base that the variable is on, then take
the common log of both sides. Use
property 3 to move the exponent in
front of the log.

ALG2082-08
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log x +log {x -3)=1

log x{x -3)=1 (condense it)
107 = x(x - 3) {exponential form)
10 = x2 - 3x

Mow wea have a guadralic equation
0=x-3x-10

0=(x-5)x~+2)
x=5, -2

You cannot take the logarithm of a
negative number, so we need to see if
both x = 5 and x = -2 are valid.
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ALG2082-09

Lecture 82: Page 9

The original eguation:
log x + log (x - 3) =1
Bothx=0and x-3=0

If x =5, it's a valid solution

If x = -2, then we'd have log (-2)
and log (-2 - 3) So we must reject any
x value that makes us take the log of a
negative. So, x =5 only.

If you have an equation with a
bunch of logarithms we can condense
it to a single log,

ALG2082-10
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= When solving and exponential
equation with a variable in the
exponent, isolate the base using
algebra, then take the log of both
sides, and use property 3 to move
the exponent out in front of log,
and solve.

« ‘When solving logarithm equations,
if there are multiple logs, condense
it to & single log. Once you have a
single log, put it into exponential
form and solve,
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ALG2083-01

Lecture 83: Matural Logarithms and the
Mumber e

Several units ago you learned a new
number, i. In this lecture, we will learn
another new number, an irrational
number named after Euler. The

ALG2083-02
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n
As n gets bigger and bigger, (1 + l)
n
gets closer and closer to e.

This is the definition for &,
If you compound interest

Lecture 83:; Page 3

= To solve an exponential equation
with a variable is the exponent of
base &;
Isolate the base, In each side, and
move the exponent up in front of In.
And remember that Ine =1

* To solve a logarithm equation that
has In:
Condanse to gat a single In, isolate
the In, get it into exponential form,
and solve that new equation.

numberise. e=27182581828 continually, you would use e. e is
n (1 + ;_J” It doesn't repeat. =0 important that your calculator has
i R It is irrational, a calculator with logarithms for a base
142 25 of e.
2| 225 17 |e is wrapped up into log, = In
3| 2.37 compound interest In = natural logarithm
4244/ when you compound log, 13 =1In 13
10| 2.59 continuosly.) In 13 = 2.565
100 1 2.70 — In is the natural logarithm with base e. —
ALG2083-03
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